MAXIMAL ABELIAN SUBGROUPS OF COMPACT SIMPLE LIE 

GROUPS 



JUN YU 



Abstract. We classify abelian subgroups of the automorphism group of any 
compact simple Lie algebra whose centralizer has the same dimension as the 
dimension of the subgroup. This leads to a classification of the maximal abelian 
subgroups of compact simple groups of adjoint type and a classification of the fine 
group gradings of complex simple Lie algebras. 



In this paper, we study abelian subgroups F of a compact simple Lie group G 
satisfying the condition 



Here $jo = LieG is the Lie algebra of a Lie group G and we call G a simple Lie 
group if its Lie algebra $jo is a real simple Lie algebra. Since F is assumed to be 
an abelian subgroup, the condition (*) is equivalent to Qq = LieF. In particular, 
when F is a finite subgroup, the condition (*) is equivalent to Qq = 0. 

It is clear that any maximal abelian subgroup of G satisfies the condition (*). Let 
ii : G — > Aut(jjo) be the adjoint homomorphism, it is clear that F C G satisfies 
the condition (*) if and only of tt(F) C Aut(g ) satisfies the condition (*). Then, it 
is enough to consider the case of G = Aut(uo) with Uo a compact simple Lie algebra. 

Maximal abelian subgroups appear in the study of group gradings of complex 
simple Lie algebras (cf. |BK] and [EKj ). It is known that (cf. |EK2j ) there exists a 
one-to-one correspondence between the conjugacy classes of maximal abelian sub- 
groups consisting of semisimple elements of the automorphism group of a complex 
simple Lie algebra q and the isomorphism classes of fine group gradings of q. Here, 
a group grading is called fine if it can not be further refined. These two sets of 
conjugacy classes also have a one-to-one correspondence with the conjugacy classes 
of maximal abelian subgroups of the automorphism group of a compact real form 
Uo of q (cf. [AYYJ). In [HVJ, the so called finite root data of finite maximal abelian 
subgroups of compact Lie groups was studied, which are useful for the study of 
representations of Lie groups. 

When Uo is a compact classical simple Lie algebra except of type D 4 , the automor- 
phism group Aut(uo) is isomorphic to one of the following groups: PU(rt) x (r ) (r = 
complex conjugation), 0(n)/ (—1) and Sp(n)/ (— I). In the case of PU(n) x (r ), we 
will separate the discussion of those subgroups contained in PU(n) and the discus- 
sion of those subgroup not contained in it. For an abelian subgroup F C PU(n), 
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we define a bi-multiplicative anti-symmetric function 

m : F x F — ► U(l) = {z G C : \z\ = 1}. 

Let kerm = {x G F : m(x,y) = l,Vy G F} be the kernel of the bi-function m. 
Then m descends to a non-degenerate bi-multiplicative anti-symmetric bi-function 
on F/kerm. By decomposing (F/ker m,m) into a direct product of cyclic-like 
subgroups in a canonical way (cf. Proof of Proposition 12. ip . we get some invariants 
(rii, ri2, ■ ■ ■ , n s ) with rij+i|nj for any 1 < s — 1 and niri2 • • • n s \ n. We also show 
that these numbers determine the conjugacy class of F if F satisfies the condition 
(*). For an abelian subgroup F of 0(n)/(— /) (or Sp(n)/(— J) similarly), we define 
a bi-multiplicative anti-symmetric function m : F x F — {±1}- Let kerm be 
the kernel of m. Moreover we define a subgroup Bp of kerm C F, which is always 
a diagonalizable subgroup. Using the subgroup Bp, we express F in a block-like 
form (cf. Proof of Proposition I2.3p . We are able to describe each block component 
if F satisfies the condition (*). Moreover, we show that, the conjugacy class of 
F is determined by the conjugacy class of Bp and certain combinatorial data (cf. 
Propositions 12.41 and 12. 8p . For an abelian subgroup F of PU(ra) X (tq) not contained 
in PU(n), let Hp = F D PU(n). We define a bi-multiplicative anti-symmetric 
function m : Hp x Hp — > {±1}. Moreover we define a subgroup Bp C U(n) 
using kerm and an element in F — Hp, which does not depend on the choice of 
this element in F — Hp. The subgroup Bp is always a diagonalizable subgroup. 
Using it F is expressed in a block-like form (cf. Proof of Proposition 12. lip . We are 
able to describe each block component if F satisfies the condition (*). Moreover, 
we show that, the conjugacy class of F is determined by the conjugacy class of 
Bp and certain combinatorial data (cf. Propositions I2.12p . A technical part in 
this case is, we show that F is the image of the projection of an abelian subgroup 
F' of (U(n)/(— /)) x (r), and the conjuagacy of F' is uniquely determined by the 
conjugacy class of F. The study on F' is more convenient than that on F. 

For an abelian subgroup F of a compact connected Lie group G, let go = Lie G 
and a = LieF. Let H = Cq(<Xo) and H s = [H,H]. If F satisfies the condition 
(*), Lemma [3J] indicates that o = do ®r C is the center of a Levi subalgebra of the 
complexified simple Lie algebra = 0o ®r C and F D H s C H s also satisfies the 
condition (*). 

For a compact exceptional simple Lie algebra iio, by Lemma 1X^1 we can determine 
the isomorphism types of the possible subgroups H s . This reduces the classifica- 
tion of abelian subgroups F of Int(u ) with a = LieF ^ to a classification of 
finite abelian subgroups of certain connected compact semisimple Lie groups of rank 
smaller than rankuo and satisfying the condition (*). The latter can done by our 
classification for finite abelian subgroups of the automorphism groups of compact 
classical simple Lie algebras or compact exceptional s imple Lie algebras of lower 
rank satisfying the condition (*). To classify finite abelian subgroups F of Int(uo) 
satisfying the condition (*), we first show that any prime p diving |F| is 2, 3 or 5. 
When 3 | |F| or 5 | |F|, we can classify such finite abelian subgroups quickly. Then 
it remains the case of F is a 2-group. In that case, we first show that the exponent 
of F is at most 4. When the exponent is 2, i.e., F is an elementary abelian 2-group, 
the classification follows from results in [Yuj . When the exponent is 4, we need 
some case by case work, again the most technical step follows from results in [Yuj . 



MAXIMAL ABELIAN SUBGROUPS OF COMPACT SIMPLE LIE GROUPS 3 

For a compact exceptional simple Lie algebra Uo, Aut(uo) 7^ Int(uo) happens only 
when Uo is of type E 6 . The classification of abelian subgroups of Aut(ee) satisfying 
the condition (*) and not contained in Int(ee) proceeds in a similar line as the 
classification of abelian subgroups of Int(ee) satisfying the condition (*). But it is 
much more complicated and we need to do a lot of case by case work. 

Recall that, the fine group gradings of a complex simple Lie algebra were classi- 
fied in the literature when q is a classical simple Lie algebra or a simple Lie algebra 
of type G2 or F4 (cf. [El] and |EK] and the references therein). A classification 
in the type case was also announced by C. Draper and A. Viruel, but has not 
appeared yet. Our method through the study of maximal abelian subgroups is very 
different with the existed methods in the literature. It should shed some new light 
on this subject. Moreover, the Weyl groups of these group gradings were determined 
when g is a classical simple Lie algebra (cf. |EK] ) . In principle, we can determine 
the Weyl groups of the maximal abelian subgroups of Aut(uo), or even the Weyl 
groups of the abelian subgroups of Aut(u ) satisfying the condition (*). Here we 
discuss the Weyl groups only in the case of type A, we would like to discuss the 
other cases either in an expanded version of this preprint or in a future publication. 

Moreover, we discuss the classification of fine group gradings of real simple Lie 
algebras and the classification of general group gradings of complex simple Lie 
algebras. For the former, we could give a complete solution, but the details will be 
left in a future publication. For the latter, we just discuss it very briefly. Recall that, 
the group gradings of complex classical simple Lie algebras have been classified in 
[BKJ . But a complete solution for the exceptional simple Lie algebras would require 
much more work. 

This paper is organized as follows. In Section 2, we study abelian subgroups of 
the groups PU(ra) x (r ), 0(n)/(— I), Sp(n)/(— I), as well as some Spin groups of 
rank at most 7 satisfying the condition (*). In Section 3, we discuss some basics 
about complex and compact simple Lie algebras and abelian subgroups of compact 
connected Lie groups satisfying the condition (*), as well as our main method for 
the classification of abelian subgroups of Aut(uo) satisfying the condition (*) for 
compact exceptional simple Lie algebras Uo. In Sections 4-8, we do the classification 
in the case of the type G2, F 4 , E 6 , E 7 and E 8 respectively. In Section 9, we discuss 
the case of type D4. We have determined the Weyl groups for most of these abelian 
subgroups. In a latter revision of this article, we will give a better description for 
each abelian subgroup appeared in this article and determine the Weyl group. In 
Section 10, we discuss the fine group grading and Weyl groups, the classification of 
general group gradings of complex simple Lie algebras and the classification of fine 
group gradings of real simple Lie algebras. 

Notation and conventions. Let Z(G) (3(0)) denote the center of a Lie group G 
(Lie algebra 0) and Go denote the connected component of G containing identity 
element. For Lie groups H C G (or Lie algebras f) C 0), let Cq{H) (C B (f))) denote 
the centralizer of H in G (f) in 0) and let Nq{H) (C g (f))) denote the normalizer of 
H in G (f) in 0). For an element x in G (or an automorphism of G), we also write 
G x for the centralizer of x in G, so G x = Cg{x) when x is an element of G. 

For any two elements x,y G G, the notation x ~ y means x,y are conjugate in 
G, i.e., y = gxg^ 1 for some g G G; and for a subgroup H C G, the notation x ~# y 
means y = gxg" 1 for some g G H. For two subsets X\,X2 C G, the notation 
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X\ ~ X2 means X2 = gX\g 1 for some g G G; and for a subgroup H C G, the 
notation X\ ~# X2 means X2 = gX\g~ x for some g & H. 

For a quotient group G = H/N, let [x] = xN (x G H) denote a coset. 

All adjoint homomorphisms in this paper are denoted as ir. This causes no ambi- 
guity, as the reader can understand it is the adjoint homomorphism for which group 
everywhere ir appears in this paper. 

For a compact semisimple Lie algebra Uo, let Aut(uo) be the group of automor- 
phisms of u and let Int(u ) = Aut(u )o- The elements in Int(u ) are called inner 
automorphisms of u and the elements in Aut(u ) — Int(u ) are called outer auto- 
morphisms of Uo- 

We denote by Zq the compact simple Lie algebra of type E 6 . Let E 6 be the 
connected and simply connected Lie group with Lie algebra e6- Let Zq(C) and E 6 (C) 
denote their complexifications. Similar notations will be used for other types. In 
the case of G = Eq or E7, let c denote a non-trivial element in Z(G). In the case of 
u = e 7 , let 

H'2 + H' h + H' 7 



G it 7 C e 7 (C) 



(cf. [HY] Section 2). 

Let V = R n be an Euclidean linear space of dimension n with an orthogonal basis 
{ei, t2-, ■ ■ ■ , e n } and Pin(n) (Spin(n)) be the Pin (Spin) group of degree n associated 
to V. Write 

c = t\t2 • • • e n G Pin(n). 
Then c is in Spin(n) if and only if n is even, in this case c G Z(Spin(n)). If n is odd, 

71 — 1 

then Spin(n) has a Spinor module M of dimension 2~^~ . If n is even, then Spin(n) 
has two Spinor modules M + , M_ of dimension 2~^~ . We distinguish M + and M_ 
by requiring that c acts on M + and M_ by scalar 1 and —1 respectively when 4|n; 
and by —i and i respectively when A\n — 2. 

For a prime p, let ¥ p = TLjpTL be the finite field with p elements. In particualr, for 
p = 2, F2 = Z/pZ is a field with 2 elements. We have an isomorphism F2 = {±1} 
between the additive group F 2 and the multiplicative group {±1}. 

Let I n be the n x n identity matrix. We define the following matrices, 
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And we define the following groups, 




Z' = {(^,62,63,64)^ = ±1,61626364 = 1}, 



r 



p,q,r,s 



/ -I p \ / -I p \ 

~Ig Ig 

I r -J r 

\ 0/ s /\0 / s / 
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Let M n (M), M n (C), M„(H) be the set ofnxn matrices with entries in the field 



R, C, EI respectively. Let 

0(n) = {X G M„(R)|XX* = I}, SO(n) = {X G 0(n)\ det X = 1}, 

U(n) = {X G M n (C)|XX* = I}, SU(n) = {X G U(n)| detX = 1}, 
Sp(n) = {X G M„(H)|XX* = I}. 



Defined as sets in this way, 0(n), SO(n), U(n), SU(n), Sp(n) are actually Lie 
groups, i.e., groups with a smooth manifold structure. Moreover, they are compact 
Lie groups, i.e., the underlying manifolds are compact. Also let 



be the quotients of the groups O(n), SO(n), U(n), SU(n) modulo their centers. Let 



where X* denotes the transposition of a matrix X and X* denotes the conjugate 
transposition of X. Then so(n), su(n), sp(n) are Lie algebras of SO(n), SU(n), 
Sp(ra) respectively. They represent all isomorphism classes of compact classical 
simple Lie algebras. 

2.1. Projective unitary groups. Let G = PU(n) = U(n)/Z„, the projective 
unitary group of degree n. Let F C G be an abelian subgroup. For any x,y G F, 
choose A,Be U(n) representing x,y. That is, we have x — [A] = AZ n and 
y — [B] — BZ n . Since 1 = [x,y] = [A,B]Z n , so [A, B] = \a,bI for a complex 
number \a,b £ U(l) C C*. It is clear that the number Xa,b depends only on x,y, 
rather on the choice of A and B. By this, we define a map 



2. Matrix groups 



PO(n), PSO(ra), PU(n), PSU(n) 



so(n) 
su(n) 
5p(n) 



{X G M„(M)|X + X' = 0}, 

{X G M n (C)|X + X* = 0,trX = 0}, 

{XGM n (M)|X + X* = 0}, 



m : F x F 



U(l) 



by m(x,y) = A a ,b. 
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Since det ABA^B' 1 = 1, so 1 = det ABA^B' 1 = det(\ AB I) = {X A>B ) n . Then 
m(x,y) = Xa,b = e - ^ for some integer k. 

Lemma 2.1. The bi-function m is anti- symmetric and bi-multiplicative. That 
means, we have 

m(x, x) — 1 and m(xy, z) = m(x, z)m(y, z) 

for any x,y,z G F. 

Proof. m(x, x) — 1 is clear. 

Choose A, B,C G U(n) representing x,y,z. Let [A, C] = X\I, [B,C] = X 2 I for 
some numbers Ai, A2 G U(l) . Then we have 

[AB,C\ = A[B,C]A- l [A, C\ = A(X 2 I)A~ l (\ 1 I) = (X 1 X 2 )L 

So m(xy, z) — m(x, z)m(y, z). □ 

Let kerm = {x G F|m(x, y) = l,Vy G F}. It is a subgroup of F and the induced 
anti-symmetric bi-multiplicative bi-function m on F/kerm is non-degenerate. 

Lemma 2.2. Lei F C PU(n) &e an abelian subgroup satisfying the condition {*), 
then kerm = F . 

Proof. Since m is a continuous map with finite image, so F C kerm. 

For any a; G kerm, replace F by some gFg -1 , g G G, we may assume that 
i = iZ n for some 

A = diag{Ai/ ni , X 2 In 2 , A s /n 3 }, 

where ni, . . . , n s G Z, + - • -+n s = n, and Ai, . . . , A s are distinct complex numbers. 
Since x G kerm, so F C U(n) A / Z n . From the condition dimu^ = dimF, we get 
Z(U(n) A /Z„) C F . Since U(n) A = U(m) x • • • x XJ(n s ) and 

Z(U(n) A /Z n )o = (Z„ 1 x---xZ„ 2 )/Z n , 

so x G Z{\]{n) A / Z n )o C -Fo- □ 

For a positive integer fc and a (positive) multiple n of k (n = mk), let 

/ I m \ 



H k = (diag{/ m , w k I m , ■■■ ,u% 1 I m } 



••. 

I m 

\Im • • • / 



Proposition 2.1. For an abelian subgroup F ofG satisfying the condition (*), i/iere 
exists positive integers ri\ > n 2 > • • • > n s > 2 wift nj + i|rij /or any 1 < i < s — 1 
and nin 2 • • • n s |n snc/i i/iai F admits a decomposition F = H m x • • • H ng x T, 
T a closed connected torus of dimension m — 1, where m = — - — . 

Moreover, the conjugacy class of F is uniquely determined by the positive integers 
(rai, ...,n s ). 

Proof. Prove by induction on |F/F |. When |F/F | = 1, that is, when F is con- 
nected, it is clear that F must be a maximal torus of G, which corresponds to the 
case s = and m = n in the proposition. 
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In general, choose X\,y\ G F such that m(xi,yi) is of maximal order. Let n\ = 
o(m(xi,yi)) and 

Fx = {x G F\m(x,Xi) = m(x,yi) = 1}. 

Claim 2.1. For any x,y G F, m(x, y) ni = 1. 

There exists x[ G XiF , y[ G y±F with o(x[) = o(y[) = ri\, and for any of such 
x[,y[, F admits a decomposition F = (x[,y' 1 ) x 

With this claim, we may assume that o(xi) = o(xiFi) — n\ (i — 1,2) and 
F — (xi,yi) x Fi for a closed subgroup Fi of F. 

Without loss of generality, we may assume that = Since o(xi) = 

o(yi) = o(x\,yi) = rii, a little argument on matrices shows that (xi,yi) ~ {[Ai], [Bi]) 
for 

At = diag{/ mi , u) ni I mi , . . . , u™ 1 ' 1 I mi } 



and 



< Omi -MTU Omi 
Omi Omi 



Si 



o mi 0, 



mi 



mi 
Omi 



771 1 



7771 



Omi ' 
Omi 



I mi 
Omi / 



Here mi = -. 

1 rii 

Then 



F 1 c(U(n)< j4l ' fll >)/Z„ = U(mi)/Z mi 

and we have |Fi/(Fi) | = < \F/F \. By induction we finish the proof. We 

have n 2 \ni since m(x } y) Ul = 1 for any x,y G F by Claim [2TT1 Similarly we have 
n i+1 |nj for any 1 < % < s — 1. □ 



Proof of Claim WIS, Let 2 = m(xx,yi). Since m is bi-multiplicative and m(xi,yi) 
is of maximal order, so {m(xi, •)} = {m(-,?/ 1 )} = (2). Then for any other x G F, 
there exists integers a, 6 such that m(xi,x) = z a and m(x,yi) = z b . Then x' = 
sa^V" gFl So F= (x 1>3/1 > - Fi. 



Suppose there exists x,y G F such that m(x,y) Ul 7^ 1. Let x = x1 1 y 1 1 x 2 
and y = x a 1 1 y h ^y2 for some ai, 02,61,62 G Z and £2,2/2 e Then m(x,y) = 
m(xi, yi) aib2 ~ a ' 2bl m(x2, 2/2)- So m(x.2, 2/2)™ 1 7^ 1- Let = m(x 2 ,2/2)- Then 

m{x l x 2 , yly h 2 ) = m(x 1 ,y 1 ) a m(x 2 ,y2) b = z a z' b . 

Since z'™ 1 7^ 1. We may choose a, 6 G Z such that o(z a 2 /6 ) > rii, which contracts 
to the assumption that m{x\,y\) is of maximal order. So m(x,y) ni = 1 for any 
x, y G F. 

For any y G F, we have m(xi 1 ,y) = m(a?i, y)™ 1 = 1 by the first statement proved 
above. Then we have x™ 1 G ker m = F by Lemma 12.21 As F is a connected torus, 
so there exists x[ G £iF with (x' 1 ) ni = 1. Similarly there exists y[ G 2/iF with 
{y'i) ni = 1- On the other hand, jt-iIo^) and ni|o(y^) since m(x' 1 ,y' 1 ) = z has order 
rii. For any of such 2^, j/J, F = (2^, y[) ■ F x is proved above. If x'^y' b G F x for some 
a, 6 G Z, then 1 = m(x'{ l y' b , y[) = z a , so ni\a. Similarly n 2 |6. So x'^yf = 1. Then 
F = (x'^yi) x Fl ' □ 



An immediate corollary of Proposition 12.11 is the following. 
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Corollary 2.1. For two positive integers n,m with m\n, the group SXJ(n)/(u) m I) 
has an abelian subgroup satisfying condition (*) if and only if n\m k for some k > 1. 

For a = (m, . . . , n s ), n i+ i\ni (for any 1 < i < s — 1), let Vg = H ni x • ■ ■ x H Us and 
Sp(Vg) be the group of automorphisms of Vg preserving the symmetric form on it. 

Proposition 2.2. Let F^^ m be the abelian subgroup in Proposition ^. 11 then 
W(F Si7n ) = Hom(\/ s ,U(l) m /Z m ) x (S m x Sp(a,F 2 )). 

Proof. Let F = Fg im . Since F is stable under the action of W(F) and the symplectic 
form on F/F is also preserved, we get a homomorphism 

7T : W(F) — > Aut(Fo) x Sp(a,F 2 ). 

Consideration on eigenvalues shows Im7r C S m x Sp(a, F 2 ). On the other hand, 
one can construct a subgroup S m x Sp(o, F 2 ) C W(F), so Im7r = 5 m x Sp(a, F 2 ). 
Consider the preserving of order of elements, we get ker7r = Hom(V^, U(l)" 1 / Z m ). 
So we reach the conclusion of the Proposition. □ 

By Proposition I2.1[ abelian subgroups of PU(n) satisfying the condition (*) are 
all maximal abelian subgroups. We will see later that abelian subgroups of other 
compact simple Lie groups satisfying the condition (*) are not necessary maximal 
abelian subgroups. 

2.2. Projective orthogonal and projective symplectic groups. Let G = 

O(n)/ (—1) and n : 0(n) — > O(n)/ (—1) be the adjoint homomorphism. Let F C G 
be an abelian subgroup. For any x,y G F, choose A,B G 0(n) representing x,y. 
Since 1 = [x,y] = tt([A,B]), so [A, B] = Xa,bI for some \a,b = ±1- It is clear that 
Xa,b depends only on x, y. We define a map 

m: F x F — > {±1} 

by m(x,y) = \ a ,b- 

Similar as Lemma I2TT| one can show that m is an anti-symmetric bi- multiplicative 
function on F. Let kerm = {x G F\m(x,y) = 1, Vy G -F} be the kernel of F. Since 
m is a continuous map and takes values in ±1, so Fq C kerm. 

Lemma 2.3. For an abelian subgroup F o/0(n)/(— I), if it satisfies the condition 
(*), t/ien /or any x G kerm ; t/iere exists y G Fo suc/i t/iat ~ [^p,n-p] / or some 
integer p. 

Proof. Without loss of generality, we may assume that x = ir(A) with 

A = diag{-/ p , I q , AnM, A ns (6 s )}, 
where < Q\ < ■ ■ ■ < 9 S < ir and p + q + 2(ni + ■ ■ • + n s ) = n. Here 

a (q\ - ( c °s{9)h sm(d)I k \ 
Ak[U) ~ { -sm(9)I k cos(9)I k J' 

Since x G kerm, so 

F C O (n) A /(-/> = (0(p) x 0(g) x U(m) x • • • U(n s ))/(-/). 
Since dimu^ = dimF, so vr(l x 1 x Z m x • • • x Z n J = Z(O(n) A /(-/)) C F . Let 
y = 7r(diag{J p , I g , A m (-^), . . . , A ns (-9 S )}). 
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Then y G F and xy ~ [diag{-/ p , I n - P }]- 



□ 



Let Bp = {x G ker m\A 2 = 1, \/A G 7r ^s)}. Then it is a subgroup of kerm. By 
Lemma [2.3} we have kerm = BpF . 

When n is even, let H 2 = ([I n /2,n/2], [J' n / 2 ]) c 0( n )/ ( — -0- Then we have 

(0(n)/<-i)) H »=A(0(n/2)/<-/»xF 2) 

where A(A) = diag{A, A} G 0(2m) for any A G 0(m). 
When 4 | n, let fl£ = ([J n/2 ], [# n/4 ]) C 0(n) /(-/>, where 
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Then we have 



(0(n)/<-/»^ = 0(Sp(n/4)/(-/» x H' 2 



where 



<P(A + \B + jC + kD) 



I A 

-C 
-B 



C 
A 

-D 
B 



B 
D 
A 

-C 



2- 

D \ 

-B 
C 

A J 



G 0(n) 



for any A + IB + jC + kD G Sp(n/4). 



Lemma 2.4. Let F C 0(n)/(— J) &e an abelian subgroup satisfying the condition 

>o 

1 wnen 



(*) and wita F F = 1. Tnen taere exzsfo G Z> sncn taat F = (H 2 ) k x A h (F'), 



where F' C 0(n')/(— J n /) and n' = ^ = 1 or 2. Moreover we have F' 
n' = 1, and F' = SO(2)/(-J) wnen n' = 2. 



Proof. Since Ff = 1, so we have kerm = Fo. Then the induced bi-function m on 
F/Fq is non-degenerate. Choose a finite subgroup F' C F such that F = F' x Fq. 
Then the bi-function m on F' is non-degenerate and we have 

F C (0(n)- 1 ^'))/(-J). 

Since x 2 G kerm = F for any x G F, so F' is an elementary abelian 2-group. 
Let 2k = rankF' = rank F/F . By [Yuj Proposition 2.12, we know that for a given 
k, the conjugacy class of F' has two possibilities. More precisely, first we have 
any non-trivial element of F' is conjugate to 7r(/™ ™) or 7r(J»). Let defeF' — 1 be 
the difference between the number of elements of F' conjugate to ir(In. t n) and the 
number of elements of F' conjugate to 7T (</"). Then we have defeF' ^ and the 
conjugacy class of F' is determined by rankF' and sign(defe F'). 

When sign(defeF') > 0, we have F' = (H 2 ) k and 

0(n)^ 1(i?,) = A k (0(n')) x 7r _1 (F'), 

where n' = and A k = A o ■ ■ • o A (fc-times). Then F C 0{n')/(-I). Since F 
satisfies the condition (*), so F is a maximal torus of 0(n')/(—I). Moreover, we 
have n' = 1 or 2. Since otherwise Fo has an element [A] (A G 0(n')) with A 7^ ±7 
and A 2 = J, so B F ^ 1. 
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When sign(defe F') < 0, we have F' = {H 2 ) k 1 x H' 2 and 
0( n y~ 1{F,) = A fc - 1 (Sp(n / )) x 7T — 1 (-F / ), 

where n' = A fc_1 = A o • • • o A ((k — l)-times) and Sp(ra') C 0(4n') is 

an inclusion given by the map <j) described ahead of this lemma. Then we have 
F Q C Sp(n')/(— /). Since F satisfies the condition (*), so F is a maximal torus of 
Sp(n')/(— /). We must have n' = 1. Since otherwise Bp ^ 1. On the other hand, 
when n' = 1, using an element in Fq C Sp(l)/(— 1} conjugate to [i], we can find 
another finite subgroup F" of F such that F = Fq x F" and defeF" > 0. So we 
return to the above case of sign(defeF') > 0. □ 

Proposition 2.3. Let F C 0(n)/(— J) 6e an abelian subgroup satisfying the condi- 
tion (*), i/ien i/iere exists k > and So, si > snc/i t/iat we have n = 2 fc s + 2 +1 si, 
dimFo — Si, rank(F/kerm) = 2k and rank(ker m/Fo) < max{so — 1,0}. 

Proof. Let 2k = rank(F/ ker m). Since Bp C kerm, so we have 

F C (0(n) 7r_1 ^V(-^)- 
By the definition of Bp, we know that n~ l (Bp) is an abelian group with every 
element conjugate to I p , n - P for some p, < p < n. Then n~ 1 (Bp) is a diagonalizable 
subgroup of 0(n). Without loss of generality, we may assume that it' 1 (Bp) is 
contained in the subgroup of diagonal matrices in O(n). Then we have 

0(n) ff " 1(Bp) = O(m) x • • • x 0(n s ) 

for some positive integers ni, . . . , n s with n\ + • • • + n s = n. 

Any element x G F is of the form x = [(A\, . . . , A s )}, A{ G 0(n.j) for any 1 < i < s. 
For any other y = [(-Bi, . . . , B s )] G F, by the definition of m — m,F, we have 

[Ai,Bi] = rn(x,y)I ni ,Vi, 1 < i < s. 

Let F C 0(nj)/(— J nj ) be the image of the projection of F to 0(n»)/(— J^) and 
Pi : F — >■ Fj be the projection. Each Fj C 0(nj)/(— J ni ) has a bilinear form m« 
similar as the form m on F. By the above equality L4j,Fj] = m(x,y)I ni , we get 
mi(pi(x) , pi(y)) = m(x,y) for any x,y G F. 

We prove that, Fp. = 1 for any i. Suppose this fails, then F has an element 
x = [(At, . . . ,A S )], o(Ai) = 2, Ai 7^ ±7 and X; t = 7r(Aj) G kermj. Since Xj = 
7r(A) G kermj, by the equality mj(j)j(x),pj(y)) = m(x,y) for any y G F and any 
1 < J ' < s, we get that x G kerm. Then by the proof of Lemma 12.31 there exists 
y = [(Si, . . . , £,)] G F such that Bi = I and (A/Fj) 2 = / for any 1 < j < s. Then 
we have xy G Bp. On the other hand, since Bi = I and Aj 7^ ±7, so 

0(n) w " 1 ^ ) 7^ O(m) x ■ ■ • x 0(n s ). 

This contradicts that 0(n) 7r ~ 1( " Bjr) = O(rai) x • • • x 0(n a ). 

For any 1 < i < s, since F^. = 1, by Lemma [2.41 we get rij = 2 nj-, = 1,2, 
and the conjugacy class of F is uniquely determined by the number k. Let so be 
the number of indices i with n\ = 1 and si be the number of indices i with n! i = 2. 
Then we have n = 2 h so + 2 fc+1 si. 

We may assume that n,j = 2 fc if 1 < z < so and n.j = 2 fc+1 if sq + 1 < z < s. Then 

F C (0(n) 7r " 1 ^))/(-/> = (O(ni) x • • • x 0(n s ))/((-/, . . . , -/)) 
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is conjugate to l s ° x SO(2) Sl if s > 0, or SO(2) Sl /((-J, . . . , -/)) if s = 0. Without 
loss of generality, we may assume that 

F = l so x SO(2) Sl 

if s > 0, or SO(2) Sl /((-/, . . . , -/)) if s = 0. Then we have 

B F n F = l so x {±1} S1 

if so > 0, or 

{±ir /((-/,...,-/)) 

if s = 1. Then we get rank(I?p n F ) — s± — S Sih Q. Therefore we have 
rank(kerm/F ) = r&nk(B F F /F ) = r&nk(B F /B F D F ) 

= rank .Bp — rank(_Bp H Fq) = rank B F — (si — 5 So ,o) 
< s + si - 1 - (si - 5 S0>0 ) = s - 1 + 5 sofi 
= max{so — 1, 0}. 

□ 

Proposition 2.4. Let F C 0(n)/(—I) be an abelian subgroup satisfying the con- 
dition (*). Then F is an elementary abelian 2-subgroup if and only if si =0 and 
Hi = for any 1 < i,j < s . 

If F is a maximal abelian subgroup, then rank(ker m/F ) = max{so — 1,0}; if 
rank(ker m/F ) = max{s — 1, 0} and (s , «i) 7^ (2, 0), then F is a maximal abelian 
subgroup. 

If Sq < 1, then F is maximal and its conjugacy class is uniquely determined by 
k — \ rank(F/ ker to) . 

Proof. For the first statement, since dimF = s±, so F is finite if and only if s± = 0. 
Furthermore, F is an elementary abelian 2-group if and only if for any x G F and 
i 7^ h Hi(Pi( x )) = Vj(Pj( x )) f° r an y 1 < hJ < s o- That is, fi { = fij. 
For the second statement, since 

F C (0(n) BF /(-I)) Fo (O(2 k ) so x U(2 fc ) Sl )/((-J, . . . , -/)). 

So 

{±iy° x (z 2k r /((-/,...,-/)} c c g (f). 

If F is a maximal abelian subgroup, then we have 

{±/r'x(z 2fc r /a-/,..., -/)>cf. 

Furthermore, we have 

{±/} s » x (Z 2k ) s i/((-I, . . . , -/)) C kerm. 
So rank(ker to/Fo) > max{so — 1,0}. Then we have 

rank(ker m/F ) = max{so — 1,0}. 
Without loss of generality, we may assume that 

n-\F ) = l 2 " 30 x A fc (SO(2)) Sl . 

Then 

C G (F ) = (O(2 fe s ) x U(2 fe r)/((-J, . . . , -/)). 
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If rank(ker tu/Fq) = max{so — 1, 0}, we may and do assume that 

B F = {±i 2k y°x(A k {±i 2 }y\ 

Moreover, if (so,Si) ^ (2,0), then Iy, n -2 h 7^ ~h k ,n-2 k - Then 

C G (keim) = (C G (F )) B - = ((O(2 fe S0 )xU(2 fc ) Sl )/((-/,...,-/)))^ 
= (O(2 fe ) so x U(2 fe ) Sl )((-J, . . . , -/)). 

For any complement F' of Fq in F, since the image of the projection of F' to each 
0(2 fe )/ (— I) is isomorphic to Vo^jo.o as a symplectic metric space, so 

C a (F) = ((0(2txU(2f)/H...,-/)» F ' 

= (F', Z ((0(2 fc ) s ° x U(2 fc )*)/<(-I, . . . , -J)})) 

= (F', {{±I 2k } s ° x (A fe (U(l)))-)/((-/, • • • , -I))) 
= (F'jkerm) 
= F. 

So F is maximal. 

For the third statement, when s < 1, rank(ker m/F ) = max{so — 1,0} = 
and (so,Si) ^ (2,0), so F is maximal by the third statement. Moreover, Bp is 
determined by k (from the proof of Proposition 12.31) . On the other hand, [pi] (it 
exists only if so = 1) can the transfered to identity by some h G Sp(/c), so the 
conjugacy class of F is uniquely determined by k. □ 

Remark 2.1. When (sq,Si) = (2,0), rank(ker m/F ) = max{so — 1,0} follows 
automatically. In this case, F is a maximal abelian subgroup if and only if it is not 
an elementary abelian 2-subgroup. 

For an abelian subgroup F C 0(n)/(— J) satisfying the condition (*), in the 
above proof we showed that O(n) 71 " ^ F - ) always possesses a block decomposition. 
Continue the presentation there, let Fj be the images of F under the projection 

Pi : O(n)^ 1 ^) — ► O(n0/<-I). 

For any x G F and 1 < i < sq, define 

/ij : F/kerm — > {±1} 

by fii(x) = fi(pi(x)). Since pj(kerm) = 1, so fa is well defined. Moreover 

Pi : Fj ker m — > Fi 

is an isomorphism transferring (m, fa) to (rrii, p). In this case, we get (m, pi, ■ ■ • , p SQ ) 
on F/kerm. Note that, each pi is compatible with m, i.e., we have 

™(x,y) = Pi(x)pi(y)pi(xy) 

for any x,y G F; and as the proof of Proposition 12.31 showed, we have 

(F/keim,m,pi) = V 0ik . 0> o 

for each 1 < i < sq. 
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Proposition 2.5. The conjugacy class of an abelian subgroup F of 0(n)/(— I) 
satisfying the condition (*) is determined by the conjugacy class of the subgroup Bp 
and the linear structure (m, ■ ■ ■ ,fJ> So ) 071 F/kerm. Here we overlook the order 
among (/xi, • • ■ ,/x So ). 

Proof. Assume that the subgroup Bp and the structure (m, fit, - •• , /x So ) on Fj ker m 
are given. Without loss of generality we may assume that n~ 1 (Bp) is contained in 
the subgroup of diagonal matrices in O(n). Then we have 

Q ( n y-HB F ) = ( ni ) x . . . x (n s ) 

for some positive integers rii, . . . , n s with n\ + • • ■ + n s = n. Let 2k = rank Fj ker m. 
Moreover, we may an do assume that rij = 2 k if 1 < i < sq, and ni = 2 k+l if 
sq + 1 < i < s. As in the proof of Proposition 12.41 we have {Fi)o — 1 if 1 < i < Sq, 
and (i*i)o — SO(2)/(— I) if s < i < s. We can also assume that the structure 
(m, /xi, • • • , /x so ) is as that given. 

Now we show how to construct (and determine) a subgroup in the conjuagacy 
from these data. From the proof of the Propositions I2.3[ we get F\ = {H2) k . That 
means as a symplectic metric space we have (cf. [Yuj Subsection 2.4) 

(F / ker m,m, fii) = V , s; , ,o- 

For any x G F, let 

x — [(^l) • • • > Aso' A So+ i, . . . , A s )], 

where Ai e O(rij) such that for any 1 < i < s. For 1 < i < sq, since (Ai) 2 = fii(x)I, 
so the conjugacy of Ai is uniquely determined by yUj(x). For s + 1 < i < s, 
since x 2 = 1, so (A^ 2 G 7r~ 1 ((Fj) ), where 7^ : O(rij) — > Q(rii)j{—I) is the 
natural projection. Since (-Fi)o — SO(2)/(— I) and there exists y G F such that 
m(x, y) = —1, so we can modify Ai by multiplying an element in 7r~ 1 ((Fj) ) to make 
it conjugate to /2 fc ,2 fc ; an d we can modify Ai by multiplying an element in 7r _1 ((Fj)o) 
to make it conjugate to J 2 k. Moreover, we can construct elements x\, • • • ,x 2 k £ F 
generating Fj ker m and with their conjugacy classes determined by (m, /xi, . . . , /i So ). 
Since 

F = (B F ,F ,xi, . . .,x 2 k), 
so we have determined the conjugacy class of F. □ 

Remark 2.2. For s + 1 < i < s, we can not define fii since (Fi) = SO(2)/(— /). 
On the other hand, as the above showed, the fact of (-Fj)o — SO(2)/(— I) also indi- 
cates, we can choose elements in F generating F/kerm with the component corre- 
sponding to of each index sq + 1 < i < s quite freely. In this way, we showed given 
Bp, the conjugacy class of F is determined by {fii : 1 < i < sq} 

Although we have given some combinatorial data in Proposition 12.51 to determine 
the conjugacy of the concerned abelian subgroup, but in general it is hard to classify 
the conjugacy classes of these abelian subgroups from these combinatorial data. The 
first difficulty is, the diagonalizable subgroup Bp may be very weird. This difficulty 
disappears if we assume F is a maximal abelian subgroup, so not very serious. The 
second and the essential difficulty is when so be becomes large, there are too many 
possible different linear structures (m, fii, . . . , /i So ) on Fj ker m. 
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Here, we discuss the classification of these linear structures when so < 3. Recall 
that, in |Yu] Subsection 2.4 we defined the notions of symmetric vector spaces (V, m) 
symmetric metric spaces (V, m, /i). 

Proposition 2.6. Given a symmetric vector space (V,m) (over the field ¥ 2 ) of 
dimension 2k and with a non degenerate bilinear from m. 

For any k > 1, there exists two isomorphism classes of (V, m, fii, /i 2 ) such that 
both /ii and /i 2 compatible with m and (V, m, //j) = Vo^o.cb i = 1,2. 

For any k > 2, there exists four four isomorphism classes of (V, m, fii, fi 2 , /i 3 ) 
such that both fii, ^2, ^2 compatible with m and (V, ra,\ii) = V ^ t o,o, i = 1,2,3. 

Proof. Let 2k = rank V. 

For fii,fi2 compatible with m, we have two case according to \i\ = fi 2 or /ii 7^ /i 2 . 
When \i\ = /i 2 , since 

(V,m,/ii) = V , k] o,o, 
so we get a unique isomorphism class. 

When jjL\ 7^ fi 2 , since /ii, [i 2 both are compatible with m, so ^tH 1 : V — > F 2 is a 
homomorphism. Let V = ker(/i 2 /i ] ^ 1 ). Then V C V is a subspace of codimension 
one. Then we must have 

rank(ker(m|y/) = 1. 

Moreover we have 

defe^, /iO = ^(defeiV^M+deieiV,^)) = ^(defe^O+defe^)) > 0, 
where in the last equality we used ^i\{x) 7^ /i 2 (x) for any x & V — V. Then we have 

(V',m\ v >, Hi\v) — Vx,fe-i i0 ,o 
by |Yuj Proposition 2.29. So (V, m, /ii, /i 2 ) is determined uniquely. 

For Hi, /i 2 , /i3 compatible with m, we have three cases according to fii — £*2 = ^3, 
two of /ii,/i 2 ,/i 3 are equal and not equal to the other one, or any two of /!i,/i 2 ,/i 3 
are non equal. When /ii = /i 2 = /i 3 , since 

(V,m,//i) = ^0,0, 

so we get a unique isomorphism class. 

When two of /ii,/i 2 ,/i 3 are equal and different with the other one, similar as the 
above proof for \i\ ^2 case, we get a unique isomorphism class. 

When any two of /ii, /i 2 , /i 3 are non equal. Let 

V' = ker(/i 2 /i5" 1 ) PI ker(/i 3 /i ] ; 1 ). 

Then V C V is a subspace of codimension two. Then we have two cases according 
to whether m\y> is degenerate or not. 
If m\yi is nondegenerate, let 

V" = {x G V : m(x,y) = 0,Vy G 7'}. 

Then we have V = V © V" and m|y« is also non-degenerate. Since 

Milv — A^lv = A^lv, 

so we have 

defe(V", Hi\v") = deie(V" , /i 2 \v") = defe(V", iiz\v")- 
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When defe(V", Hx\v») < 0, we have n\\v» = ^W" = A^lv"- Then we get [i\ = \ii = 
/X3, which contracts the assumption. When defe(V", fii\v") > 0, (/^i|y", ^{v, A^lv") 
has exactly one possibility if we overlook the order. Then we get one isomorphism 
type of (V, m, /^ 2 , ^3) in this case. 

If m\y> is degenerate, choose V" C V such that V = V" © ker(m|y) and let 
V" = {x G V : m(x,y) = 0,Vy G V""}. Then we have 1/ = 1/'" © 1/", m| y ,„, m|y« 
are non-degenerate, and rank\^" = 4. Moreover, we can show that, we must have 
defe V" > 0, defe(^i|y") > 0; and we can find generators xi,yi,X2,y2 of V" such 
that V" = (xi,yi) © (x2,y2) as symplectic vector spaces, and we have 

(Hiixi),^^), Hi(yi), /ii(ya)) = (1, !, !, 1), 
(^1(^1),^! (x 2 ), Hi(yx), ^1(2/2)) = (1,1,1,-1), 
(/ii(xi),/ii(x2),/ii(yi),/ii(y 2 )) = (1,1,-1,1). 
Then we get one isomorphism type of (V, m, fit, // 2 , ^3) in this case. □ 

Let G = Sp(n)/(— I) and 7r : Sp(n) — >■ Sp(n)/(— J) be the adjoint homomor- 
phism. The classification of abelian subgroups of Sp(n)/(— I) satisfying the condi- 
tion (*) is similar to the classification in the 0(n)/(—I) case. We give the main 
steps below, but omit most proofs. 

First we define a map 

m: F x F — > {±1} 

by m(x,y) = Xa,b, where x — [A], y — [B] and if [A,B] = Xa,bF Then m is an 
anti-symmetric bi-multiplicative function on F. Let 

kerm = {x G F\m(x,y) — l,Vy G F} 

be the kernel of F. 

Lemma 2.5. Let F C Sp(n)/(— I) fre an abelian subgroup satisfying the condition 
(*), then for any x G kerm, there exists y G F Q such that xy ~ [^p,n-p] f or some p, 
< p < n. 

Let Fp = {x G kerm|A 2 = 1, VA G 7r~ 1 (x)}. Then it is a subgroup of kerm. By 
Lemma 12 .5[ we have kerm = BpF^. 

Let H 2 = ([4/2,n/ 2 ], [j; /2 ]> and # 2 = (LT, j/>. 

Lemma 2.6. Let F C Sp(n)/(— i) fre an abelian subgroup satisfying the condition 
(*) ana 1 u>zia .Bp = 1. Taen we aai> e either n = 1 and F is a maximal torus; or there 
exists k > 1 snc/i iaat F = (Fa)^ 1 x F 2 x A^F'), waere F' C 0{n') / (-I n >) , 
= 2^1 = ^ or 2. In iae /aiier case, moreover we have F' — 1 waen n' = 1, and 
F' = SO(2)/(-J) waen n' = 2. 

Proof. Let 2fc = rank F/ kerm. When fc = 0, since we assume that Bp = 1, so 
F = Fq by Lemma 12.51 Then F is a maximal torus. Then n = 1 since we assume 
Fp = 1. 

When k > 1, choosing a complement F' of F in F, then F is a maximla torus 
of (Sp(n)/(— I)) F . Since the bi-multiplicative function m is non-degenerate on 
F/kerm = F/F , so it is non-degenerate on F'. By |Yuj Proposition 2.16, we have 
F = (F 2 ) fc_1 x F 2 or F = (F 2 ) fe . Similarly as the proof of Lemma l2T4"l in the second 
case, we can show that dimF > 0. Choosing some [A] G Fq with A G Sp(n)) and 



16 JUN YU 

A 2 = —I, we may replace F' by a different finite subgroup so as returning to the 
first case. In the first case, we have 

(Sp(n)/(-I)) F ' = 0(n/2 k ^)/(-I). 

Then we have n/2 k ~ 1 = 1 or 2, since Fo must be a maximal torus of 0(n/2 k ~ 1 ) / (—1) 
and we assume that Bp = 1. Then we arrive at the conclusion. □ 

Proposition 2.7. Let F C Sp(n)/(— I) be an abelian subgroup satisfying the con- 
dition (*). Then we have either F is a maximal torus; or there exists k > 1 and 
So,Si > such that n = 2 k ~ 1 so + 2 k s\, dimF = Si, rankF/kerm = 2k and 
rankkerm/F < max{s — 1,0}. 

Proposition 2.8. Let F C Sp(n)/(— /) be an abelian subgroup satisfying the con- 
dition (*). F is an elementary abelian 2-subgroup if and only if s\ = and \ii = fij 
for any 1 < i, j < So- 

If F is a maximal abelian subgroup, then we have 

rank(ker m/F ) = max{so — 1,0}; 

z/rank(ker m/Fo) = maxjso — 1, 0} and (so, si) ^ (2, 0), then F is a maximal abelian 
subgroup. 

If So < 1, then F is a maximal abelian subgroup and its conjugacy class is uniquely 
determined by k = \ rank(F/ ker m) . 

By Proposition 12.71 we get the following corollary immediately. 

Corollary 2.2. Any abelian subgroup of Sp(n) satisfying the condition (*) is a 
maximal torus. 

In particular Sp(n) has no finite abelian subgroups satisfying the condition (*). 

Proof. Let F C Sp(n) be an abelian subgroup satisfying the condition (*). Then 
7r(F) C Sp(n) / {—I) also satisfies the condition (*) and the bifunction m vanishes on 
7r(F). By Proposition 12. 7\ tt(F) is a maximal of Sp(n)/ (— /). Then F is a maximal 
torus of Sp(ri). So it is not finite. □ 

For an abelian subgroup F C Sp(n)/(— I) satisfying the condition (*), the cen- 
tralizer Sp(n) 71 " ^ Bp ^ possesses a block decomposition. Let Fi be the images of F 
under the projection 

ft : O(n)^'^' — ► 0(n i )/(-/). 
For any x G F and 1 < % < Sq, define 

/ij : F/kerm — > {il} 
by = fi(pi(x)). Since ft (ker m) = 1, so /i, is well defined. Moreover 

Pi : Fj ker m — > Fi 

is an isomorphism transferring (m, /ij) to (m^, fi). In this case, we get (m, /xi, • • ■ , /i So ) 
on F/kerm. Note that, each /ij is compatible with m, i.e., we have 

m(x,y) = fj,i(x)iM(y)fii(xy) 

for any x, y G F; and we have 

(F/ ker m,m,/ii) = Vo,fc-i ;0 ,i 
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for each 1 < i < sq. We also have similar statements in symmetric group case as 
that in Propositions 12.51 and 12.61 

Proposition 2.9. The conjugacy class of an abelian subgroup F of Sp(n)/(— I) 
satisfying the condition (*) is determined by the conjugacy class of the subgroup Bp 
and the linear structure [m, n\, • • • , fi so ) on F/kerm. Here we overlook the order 
among • • • ,/j, SQ ). 

Proposition 2.10. Given a symmetric vector space (V, m) (over the field ¥2) of 
dimension 2k and with a non degenerate bilinear from m. 

For any k > 2, there exists two isomorphism classes of (V, m, fix, // 2 ) such that 
both /ii and ^2 compatible with m and (V, m, //j) = Vo,fc-i;o,ij i = 1,2. 

For any k > 3, there exists four four isomorphism classes of (V, m, fit, Hi, ^3) 
such that both ^1,^2,^2 compatible with m and (V,m,fii) = Vb,fe-i ; o,i, i = 1,2,3. 

2.3. Twisted projective unitary groups. For any n > 3, let G = PU(n) x (tq), 
where r = complex conjugation. Then we have Tq = 1 and ro([A])r^" = [A] for 
any A G U(n). One knows that Aut(su(ra)) = G. 

Define G = U(n)x(r), r 2 = 1, and tAt" 1 = A for any A G XJ(n). Let ir : G — > G 
be the adjoint homomorphism. Then we have ker7r = Z n . 

For an abelian subgroup F C G, let Hp = F PI C7 . Define a map 

m : Hp x Hp — ► U(l) 

by m(x,y) = X if x = ir(A), y = tt(B), A, B G U(n) and [A, B] = XL It is clear 
that m is well defined and it is an anti-symmetric bi- multiplicative function on Hp. 
Let 

kerm = {x G Hp\m(x,y) — 1, G Hp}. 

Lemma 2.7. Lei F C G be an abelian subgroup with F (jL Go, then m(x,y) = ±1 
for any x, y G if^j ^ 2 G ker m for any u G F — F fl C7o. 

Proof. For x,y & Hp and w G F — F fl Go, let 

a; = 71(A), y = tt(B), u = 7r(C), 

A,Be U(n), C7 g T-U(n). 
Since F is abelian, so 

CAC- 1 = XiA, CBC- 1 = X 2 B, ABA^B' 1 = XI 

for some complex numbers Ai, A2, A G U(l). Then 

XI = [A, B] = [AiA, X 2 B] = [CAC- 1 , CBC' 1 ] = C[A, B]C- 1 = l7(A/)C7- 1 = A" 1 /. 

So A -1 = A, that is, m(x,y) = A = ±1. 
On the other hand, we have 

C 2 B(C 2 y 1 = CiCBC-^C- 1 = C(X 2 B)C- 1 
= C(X 2 I)C- 1 (CBC- 1 ) = (X 2 l I)(X 2 B) = B, 

so u 2 G kerm. □ 
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Choose an u G F — FflGo an d let u = 7r(C), CGt U(n). For any A G 7r -1 (ker to), 
since F is abelian, so [C, A] = XI for some complex number A G U(l). As we assume 
that A G 7r~ 1 (kerm), so A doesn't depends on the choice of u and C . Let 

v : 7T~ (kerm) — > U(l) 

be defined by z^(v4) = A. Then it is a group homomorphism. Moreover, one can 
show that 7r : ker vj (—1) — > ker to is an isomorphism. 
Define -Bp = {A G ker i^|A 2 = 1}. 

Lemma 2.8. Let F C G be an abelian subgroup satisfying the condition (*) and 
with F (jL Gq. Then for any x G ker to, there exists y G Fq such that xy G tt(Bf). 

Proof. Choose an A G kerv D 7r _1 (x). Since A G keri/, so [C, A] = /. Then A and 
tAt^ 1 = A are similar matrices. Then the multiplicity of an eigenvalue A of A is 
equal the multiplicity of the eigenvalue A of A. Without loss of generality, we may 
assume that 

A = diag{-J p , I q , AJtfO, . . . , A ns (9 s )}, 
where < 9\ < ■ ■ ■ < 9 S < tt and p + q + 2(ni + ■ ■ • + n s ) = n. Here 



A k (9) 



cos(6>)4 sin(6>)4 
- sin(6>)4 cos(6»)4 



Since A G ker u, so 

7r _1 (-F) C G A = (U(p) x U(g) x L x x • • • x L s ) x r, 

where 

Li = {(*y GU(2to)|X,FgGL(to)}, 
1 < z < s. We have (G ) D 1 X 1 x Z' x • • • x Z n / , where 



Y sin(0) I nj cos(6»)/ ni y 



Since F satisfies the condition (*), so tt((G )o) C -F . Let 

y = 7r(diag{/ p , J„ A ni (-0i), A ns (-9 S )}). 
Then y G F and G ty(Bf). □ 

By Lemma [2. 8 1 we have ker to = tt(Bf)F . 

Lemma 2.9 ([BtDj). Lei G be a compact (not necessary connected) Lie group and 
x G G be an element. If T is a maximal torus of (G x )o, then any other element 
y G xGo is conjugate to an element in xT and any maximal torus of (G y )o is 
conjugate to T. 

When n is even, let H 2 = ([I n /2, n /2\, [J' n /2\) C PU(n). Then we have 
((U(n)/Z n ) x ( Tq )) h * = (A(U(n/2)/Z n/2 ) x (r )) X F 2 , 
where A(A) = diag{A, A} G U(2to) for any A G U(to). 
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Lemma 2.10. Let F C G be an abelian subgroup satisfying the condition (*) and 
such that F (jL Go and Bp = {±/}. Then there exists k G Z>o such that F = 
(H 2 ) k x A k (F'), where F' C (U(n')/Z„/) x (r ) and n' = £ = 1 or 2. Moreover we 
have F' = (r ) if n' = 1; and F' = (SO (2) /(-/)) x (r ) if n' = 2. 

Proof. Since .Bp = {±/}, so we have kerm = F by Lemma [2 .81 Then the induced 
bi-function m on Hp/F is non-degenerate. Let 2 A; = rank(Fp/ker m). Choose a 
finite subgroup F' C Ff such that Hp = F' x F . Then the bi-function m on F' 
is non-degenerate. Therefore F' is an elementary abelian 2-group by Lemma 12. 71 
By |Yuj Proposition 2.4, we know that any non-identity element of F' is conjugate 
to 7r(/™ ™) and the conjugacy class of F' is uniquely determined by fc|rankF'. We 
have F' ~ (F 2 ) fc ). Replacing F by a subgroup conjugate to it if necessary, we may 
and do assume that 

C G (F')=F'xA k ((\J(n')/Z n/ )x(r)), 

where n' = Then there exists r' G F — F^ such that 

(F ,r') C (U(n')/(^„/» x (r ). 

Since F satisfies condition (*), so F is a maximal torus of (U(n')/(Z n /)) T '. 
By Proposition 12.91 -^o is conjugate to a maximal torus of SO(n') (if 2 f n) or 
SO(n')/(— J) (if 2|n'). Since we assume that F^ = {±/}, so we have n' = 1 or 2. 
Then we get the conclusion of the proposition. □ 

Let G = (U(n)/(— J)) x (r) be a group with r 2 = 1 and r[A]r _1 = [A] for any 
A G U(n). Let 

tt' : (U(n)/(-/» x (r) — ► PU(n) x (r ) 
be the natural projection 

Lemma 2.11. // F is an abelian subgroup of G satisfying the condition (*) ; i/ien 
i/iere exists an abelian subgroup F' of (U(n) /(—/)) x (r) suc/i i/iai vr(F') = F 
and F' PI (Z n /(—/)) = (U)/(—I). Moreover, the conjugacy class of F' is uniquely 
determined by the conjugacy class of F. 

Proof. By Lemma [2.21 we have m(x,y) = ±1 for any x,y £ Hp. Then 7r' -1 (F) is 
an abelian subgroup of U(n)/ (— J). Choose any w G 7r /_1 (F — Fp) and let 

F = ((^(Fp))^) C (U(n)/(-/» x (r). 

For any x' G n'~ 1 (Hp), since F is abelian, so mi'm^V -1 = [A 2 /] for some A G 
U(l). Then ^Ax')^ 1 = Ax'. So Ax' G F' . Then we have tt(F) = F. If [A/] G 
F'n(Z n /(-/)), then 

[A/] = wfAFj-u -1 = [A" 1 /]. 

So A 2 = ±1. Then [A/] = 1 or [il] and F' n (Z n /(-/}) = (U)/(-I). 

For any F' satisfing the requirements in the proposition, choose any x G F — Fp 
and m G F' fl 7r /_1 (x). Since [AJ]m[AJ] _1 = [A 2 /]m, so the conjugacy class of u is 
determined by the conjugacy class of x. Fixing u, for any y G Hp and y' G 7r /_1 (u), 
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if y' and [A/]?/ both commute with u. Then we have 

1 = u{[\I]y')u-\[\I}yr l 

= (u([XI))u~ 1 ([XI])'' 1 ) [XI] {uy'u~ l {y')~ l ) [A/] -1 
= [X-*I\[XI\{l)[XI]-' 
= [A" 2 /]. 

So [XI] = 1 or [iJ]. Since [if] G F' , so F' is determined by u. Then the conjugacy 
class of F' is uniquely determined by the conjugacy class of F. □ 

Lemma 2.12. For any k > 1 2 fc |n ; inere exzs^ £w;o conjugacy classes of el- 
ementary abelian 2-subgroups of U(n) / (— I) of rank 2k and with non- degenerate 
bi-function m. Let F\, F 2 be in the two conjugacy classes respectively, then we have 

77 

((U(n)/<-/» x (r))* = (U(^)/(-/)) x (n> 

and 

((U(n)/<-7)) x (r))* = 0%)/<-l)) x (r 2 ), 
where rf = t| = 1, 

u(n) T1 = so(n), u(n) T2 = Sp(n/2) 

and 

u(n/2 fc ) T1 =u(n/2 fe ) T2 =so(n/2 fc ). 

Proof. Let F be an elementary abelian 2-subgroup of U(n)/(— 7) of rank 2fc and 
with a non-degenerate bi-function m. For any x = [A] G F (A G U(n)), then we 
have A 2 = ±7. Define (M : F — > {±1} by = A i£r = [A] and A 2 = fj,(x)I. 
Similar as Proposition 12.2^ for any x,y,z G F, we have m(x, x) = 1, 

m(xy, z) = m(x, z)m(y, z) 

and 

m(x,y) = fi(x)fi(y)fi(xy). 

Then (m,fi) gives F a structure of symplectic metric space (jYuj). Since m is 
assumed to be non-degenerate and rankF = 2k, so we have F = V 0j k-o,o or Vo,fc-i ; o,i- 
When F = Vo,jfc ; o,o, choose x,y G F with = = 1 and m(x,y) = — 1. 
Then we have 

~ ([7„ An/2 ], [j; /2 ]). 

Without loss of generality, we may assume that (x,y) ~ ([7 n / 2in / 2 ], [^^D- Then 
F c ((U(n)/(-7)) x ( r })^A„/2],K /2 ] 

= ((U(n/2)/(-7)) x (t» x ([7 nA „ /2 ], [/ n/2 ]>. 

By induction we finish the proof in this case. 
When F = V ok 

-i;o,i) by an induction similar as the argument above, we are led 
to the case of k = 1. Then we have F = (x,y) with = fi(y) = m(x,y) = — 1. 
Then 

(x,n) ~ ([i7 n/2 ,„/ 2 ], [iV^/jj]). 
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Without loss of generality, we may assume that (x,y) ~ ([U n /2,n/2], [^/ 2 ])- Then 

F c ((U(n)/(-J)) x ( T )f I ^/^ iJ '^ 

= ((U(n/2)/<-/» x (r[J n/2 ]» x ([U n/2 , n/2 ], [if n/2 ]). 
Note that we have 

u ( n )r[j n/2 ] = S p{n/2) 

and 

u{n/2) T[J ^ ] = so(n/2). 
Then we finish the proof of the proposition. □ 

In the last part of the above proof, we use r[J n / 2 ] instead of just r in order to 
make sure its pre-image in G commutes with the pre-image of F 2 in G. 

Proposition 2.11. Let F C G be an abelian subgroup satisfying the condition (*) 
and F <£_ Gq. Then there exists k > and s\, s 2 > such that n = 2 k so + 2 fc+1 si, 
dimFo = S\, rank(iJp/ ker m) = 2k and rankkerm/Fo < max{so — 1,0}. 

Proof. By Lemma I2.11[ there exists a (unique up to conjugacy) abelian subgroup 
F' of G such that tt(F') = F and F' n (Z n /(-I)) = (U)/(-I). By the definition 
of Bp, it follows that it is a diagonalizable subgroup of XJ(n) and any element of it 
has eigenvalue ±1. Without loss of generality, we may assume that Bp is contained 
in the subgroup of diagonal matrices in U(n). Then we have F C tt((G) Bf ) and 

(G)^ = (U(n 1 )x---U(n s ))x(r) 

for some positive numbers n\, . . . , n s such that n\ + • • • + n s — n. Then 

F'c((U(n 1 )x---UK))/((-J,...,-/)))x(r). 

Let 2k = rank(ifp/ker m). Let C (U(nj)/Z n J x (tq) be the image of the 
projection of F onto the i-th component. Similar as in the proof of Proposition 12.31 
we can show that Bp. = ±1 for each i. By Lemma \2.10\ we get = 2 k n' i and n\ = 1 
or 2. We may and do assume that — 1 if 1 < i < s , and n[ = 2 if s + 1 < i < s. 
Then n { = 2 k if 1 < i < s , and n { = 2 k+l if s + 1 < i < s. 

Let F[ C Gi = (U(rii)/(— /)) x (r) be the image of the projection of F' onto 
the i-th component. Choose a complement F" of (F ; ) in F' PI (G)o, then pi(F") 
is a complement of {F[)q in F/ n (Gj)o for each 1 < i < s. By Lemma 12.12} the 
conjugacy class of each Pi(F") has two possibilities. Let s\ = s — so. Let to (or ti) 
be the number of indices i with Pi(F") = Vo,fc ; o,o and 1 < i < s (or s + 1 < i < s). 
Moreover, by Lemma 12. 121 we have 

Cg(F") = (((U(l)« x U(2)-)/((-/, . . . , -/))) x (rj)) ■ F", 

where 

to so— to *i si— tl 

Since 

77(^1, . . . , x so , X x , . . . , XsJrF 1 = (x^ 1 , . . . , a;" 1 , X 1; . . . , X n ). 
Without loss of generality, we may assume that 

(F')o = 1 S0 x SO(2) Sl 
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(if s > 0) or 

SO(2) s V((-J,... ) -J)) 

(if s = 0). Then F' ~ (p(B F ), (F') , F", r/), where p is the projection from G to G. 
Then we get the conclusion of the proposition. □ 

In the above, the value of ti may vary if we we change the generators. It can be 
any integer between and s\. 

Proposition 2.12. If F is an abelian subgroup of G = Aut(su(n)) satisfying the 
condition (*) and with F <f_ Gq, then F contains an outer automorphism conjugate 
to some 



r Ad( 




with p + 2q = n and 2 k \p. 

F contains an outer involution if n is odd. 

If F is a maximal abelian subgroup of G = Aut (su(n)), then we have 

rank(ker m/F Q ) = max{so — 1,0}. 
J/rank(ker m/Fo) = max{so — 1,0} and (so,si) ^ (2,0), then F is maximal. 

Proof. The first statement follows from the proof of Proposition 12.111 

For the second statement, when n is odd, we have kerm = Hp. Then k = 

1 rank(ifp/ ker m) = 0. Then we have to — s o an d ti = Si. Then r) ~ r. 
The proof of the last statement is along the same line as the proof of Proposition 

231 □ 



For an abelian subgroup F C G = (U(n)/(— I)) x (r ) satisfying the condition 
(*), the centralizer G n ( Bf ^ possesses a block decomposition. Let F; be the images 
of F under the projection 

Pt-.G^iBr) _^ (U(n . )/( _ 7)) ( To) . 

For any x G F R Go and 1 < i < s , define 

/ij : F/kerm — > {±1} 
by jj>i(x) = fi(pi(x)). Since pj(kerm) = 1, so /ij is well defined. Moreover 

Pi : F I ker m — > Fi 
is an isomorphism transferring (m, /ij) to (m,,/i). In this case, we get 

(m,/i 1; • • ■ ,fi so ) 

on F/kerm. Note that, each /ij is compatible with m, i.e., we have 

m(x,y) = ^i{x)^i{y)^i{xy) 

for any x,y G F. 
Now we have 

(F/ ker m,m,/ij) = Vb,fc i0 ,o 

or 

(F / ker m,m, ^ = Vb,jfc-i ; o,i, 
these two cases are both possible. We have the following similar statements. 
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Proposition 2.13. The conjugacy class of an abelian subgroup F of 

G — (U(n)/ {—I)) x (t ) 

satisfying the condition (*) determined by the conjugacy class of the subgroup Bp 
and the linear structure (m, fix, ■ ■ ■ , fi So ) on F/kerm. Here we overlook the order 
among (fix, • • • ,fi So )- 

Proposition 2.14. Given a symmetric vector space (V,m) (over the field ¥ 2 ) of 
dimension 2k and with a non degenerate bilinear from m. 

For any k > 2, there exists five isomorphism classes of (V, m, fix, ^2) such that 
both fix and fi2 compatible with m. 

For any k > 3, there exists ten four isomorphism classes of (V, m, fix, fi^, fi^) such 
that both /ii,/i2,/i2 compatible with m. 

Sketch of proof. Different with Propositions 12.61 and I2.14[ now we only know each 
fii is compatible with m, no condition is posed on their signatures. 

In the case of (V, m, fix, ^2), we need to consider three cases: defe fix > and 
defe fi2 > 0; defe /ii < and defe \ii < 0; defe fix defe fi2 < 0. The first two cases are 
included in Propositions 12.51 and 12.91 respectively. A new isomorphism type arise in 
the third case. For example, when k = 1, V — (xx,yx), we may have 

(fix(xx),fix(yi)) = (-M) 

and 

(fi l (x l ),fi 1 (y l )) = (-1,-1). 

In the case of (V, m, fix, ^2, ^3), according to no restriction on the signatures, 
more cases arise. We do not discuss the details case, but leave it to the interested 
reader. □ 

Remark 2.3. For an abelian subgroup F of a projective orthogonal, projective sym- 
plectic or twisted projecive unitary group, the Weyl group W(F) has a description 
in terms of dim F, W{Bp) and the automorphism group (F/kerm, m, fix, fi So ) 
(or ((F' PI L? )/ker m, m, fix, ■ ■ ■ , fi so ) )■ But this description is a bit complicated, we 
do not discuss it here. 

2.4. Spin groups. Let G = Spin(ra) be the Spin group of degree n > 1, in this 
subsection we study finite abelian subgroups of G satisfying the condition (*). First 
we may and do assume that — 1 E F and c e F if 2|n, where c = eie2 ■ • • e n . 

Let F C Spin(n) be a finite abelian subgroup satisfying the condition (*) and 
71 : Spin(n) — > SO(n) be the natural projection. It is not hard to show that tt(F) 
is diagonalizable. We may and do assume that tt(F) is contained in the subgroup 
of diagonal matrices in SO(ra). Then we have F C (eie2,eie3, . . . ,eie n ). For any 
/ = {ix,i2, ... ,ik} C {1,2, ... ,n}, ix < i 2 <■■■< ik, let e/ = e h e i2 ■ ■ ■ e ik . For any 
even number k, let 

X k = {I C {1, 2, . . . , n}|e/ G F and |/| = k}. 

For any 1 < i < j < n, since Spin(n) ei6j = (Spin(n — 2) x Spin(2))/((— 1, —1)) has a 
center of positive dimension, so F does not contain any element CiCj. Then X2 = 0. 
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Lemma 2.13. For n > 3, let F C Spin(n) be a finite abelian subgroup satisfying 
the condition (*), i/ien F/(Fn (— l,c)) an elementary abelian 2-group and 

n — 1 

log 2 n < rank(F/(F n (-1, c))) < — — . 

Proof. As discussed ahead of this lemma, without loss of generality we may assume 
that F C (eie 2 , eie 3 , . . . , eie n ), -1 G F and c 6 F if 2|n. Then F/(F n (-1, c)) is 
an elementary abelian 2-group. 

Let r = rank(F / (F fl (— l,c))). By calculating SO(n) 71 "^ we get a block decom- 
position of O(n) of at most 2 r components. Then so(n) F = implies that 2 r > n. 
So we getr > log 2 n. 

Let K n = (eie 2 , eie 3 , . . . , eie n ). For any x,y G i^„, define m(x,y) = xyx~ x y~ x . 
Then we get a bi-multiplicative function 

m: K n x K n — ► {±1}. 

It is clear that ker m = K n D (—1, c) and we have rank(i^„/ (K n fl (—1, c))) = 2[ 2 =^]. 
Since F C K n , so we have m\p = 1. Then we get 

1 n — 1 

rank(F/(F n (-1, c») < - rank(ir n /(ir„ n (-1, c))) = [— ]. 

□ 

Proposition 2.15. For 2 < n < 6, there exist no finite abelian subgroups F of 
Spin(n) satisfying the condition (*). 

Proof. Let F C Spin(n) be a finite abelian subgroup satisfying the condition (*). 
Let r = rank(F/(F fl (— l,c))). By lemma |2.13[ we have log 2 n < r < Then 
we get 

r Ti—1 1 

2l— 1 > n . 

When n = 2m is even, we have 2 m_1 > 2m. Then m > 4 and n > 8. When 
n = 2m — 1 is odd, we get 2 m ~ 1 > 2m — 1. Then m > 4 and n > 7. □ 

Proposition 2.16. There exists a unique conjugacy class of finite abelian subgroups 
o/Spin(8) satisfying the condition (*) and with — l,c G F. 

There exist no finite abelian subgroups o/Spin(10) satisfying the condition (*). 

Proof. Let F 8 = (— 1, c, e^e^e^, e^e^e^, eie^e-?) C Spin(8). It is a finite abelian 
subgroup of Spin(8) satisfying the condition (*) and with — l,c G F. We show the 
uniqueness of the conjugacy classes for n = 8 and the non-existence for n = 10 
below. 

When n = 8, without loss of generality we may assume that 

F C (eie 2 ,eie 3 , . . . ,eie 8 ). 

We already know that ejej G" F for any % ^ j. Then besides ±1, ±c, any element 
of F is of the form ±ej for some / C {1, 2, . . . , 8} with | J| = 4. We may and do 
assume that e^e^e^ G F. Then we have 

F C Spin(8) eie2e364 (Sp(l) x Sp(l) x Sp(l) x Sp(l))/((-l, -1, -1, -1)). 



MAXIMAL ABELIAN SUBGROUPS OF COMPACT SIMPLE LIE GROUPS 25 

Here we used Spin (4) = Sp(l) x Sp(l). Since any finite abelian subgroup of 
Sp(l)/(— 1) satisfying the condition (*) is conjugate to ([i], [j]), so 

F ~ ([(-1, 1, 1, 1)], [(1, -1, 1, 1)], [(1, 1, -1, 1)], [(i, i, i, i)], [(j, j, j, j)]). 

Then we get the uniqueness of the conjugacy class when n = 8. 
When n = 10, without loss of generality we may assume that 

F C (eie 2 ,eie 3 , . . .,eie w ). 

We already know that e^ej ^ F for any i ^ j. Then besides ±1, ±c, any element of 
F is of the form ±e/ with |/| = 4 or 6. We may an do assume that e^e^e^ £ F, 
then we have 

F C Spin(10) eie2e3e4 (Sp(l) x Sp(l) x SU(4))/((-l, -1, -/)). 

Here we used Spin(4) = Sp(l) x Sp(l) and Spin(6) = SU(4). From the projection 

Sp(l) x Sp(l) x SU(4) — ► (Sp(l) x Sp(l) x SU(4))/((-l,-l,-I)}, 

we get a bi-multiplicative function m' on F. Let Pi,P2,Ps be the projections of 
F onto the three components and F\,F2,F% be the images. We have similar bi- 
multiplicative functions mi, 777,2,777,3 on Fi,F 2 ,F 3 . It is clear that rrii(pi(x) , Pi(y)) = 
m(x,y) for any x, y £ F. Then rank(Fj/ker mi) = rank(F/ker m'). But we 
must have Fi/kermi = (C2) 2 arid F^/kevms = (C2) 4 by Proposition 12. 1\ so 
rank(Fi/ ker mi) 7^ rank(F 3 /ker 7773). Then Spin(10) has no finite abelian sub- 
groups satisfying the condition (*). □ 

Proposition 2.17. Forn = 12 or 14, there exists a unique conjugacy class of finite 
abelian subgroups of Spin(n) satisfying the condition (*) and with — l,c £ F. 

Proof. Let 

F12 = (-l,c,eie 2 e 3 e4, eie 2 e 5 e 6 , eie 2 e 7 e 8 , eie 2 e 9 ei , eie3e 5 e7e 9 eii} C Spin(12) 

and 

F14 = (-l,c, eie 2 e3e4,eie 2 e5e 6 ,eie 3 e 5 e 7 , e 8 e9eioeii,e 8 e 9 ei2ei3,e 8 eioei2ei4) C Spin(14). 

Each of them is a finite abelian subgroup satisfying the condition (*) and with 
— 1, c £ F. We show the uniquenesss of the conjugacy class below. 
When n = 12, without loss of generality we may assume that 

F C (eie 2 ,eie 3 , . . . ,e x e n ). 

We already know that CiCj ^ F for any % 7^ j. Then besides ±1, ±c, any element of 
F is of the form ±e/ with |/| = 4, 6 or 8. If F contains an element of the form ej 
with \I\ = 6, we may and do assume that e^e^eses £ F, then 

F C Spin(12) eie2e3e4e5e6 (SU(4) x SU(4))/((-7, -/)) 

and [(I,U)] £ F. Here we used Spin(6) ^ SU(4). By Proposition EH the 

images of the projections of F to both components are conjugate to 

(il, Ei, E 2 , E 3 , E4), 
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F ~ ([(zl, I)}, [(/, zl)], (Ex, Ex), (E 2 , E 2 ), (E 3 , E 3 ), (E A , E A )). 

So the conjugacy class is unique in this case. Moreover, F 12 is in this conjugacy 
class since it contains an element of the form ej with |/| =6. 

If F contains two elements of the form ej 1 , e/ 2 with = |I 2 | = 4 and I\C\l2 = 0, 
we may and do assume that eie^e^, e^e^e-jes G F, then we have 

F C Spin(12) eie263e4 ' e5e6e7es = 



(Sp(l) 2 x Sp(l) 2 x Sp(l) 2 )/((-l, -1, -1, -1, 1, 1) 



■1,-1,-1,-1)) 

and [(±1,±1,±1,±1,±1,±1)] G F. Here we used Spin(4) £ Sp(l) x Sp(l). By 
Proposition 12. If one can show that the images of the projections of F to three 
components are all conjugate to 

([(-l,l)],[(i,i)],[(j,j)]). 

Then we can show that 

F ~ ([(±1, ±1, ±1, ±1, ±1, ±1)], [(i, i, i, i, 1, 1)], [(jJJJJJ)], [(1, 1, i, i, i, i)]). 

So we get the uniqueness of the conjugacy class in this case. Moreover, F\ 2 is in this 
conjugacy class since it contains two elements of the form e/ i; e/ 2 with |Ji| = \I 2 \ =4 
and 7i D h = 0. 

Suppose the above two cases do not happen, then any element of F besides ±1, ±c 
is of the form ±ej with |/| = 4 or 8; and for any two e^,ei 2 G F (Ji ^ J 2 ) with 
j^l = |J 2 | = 4, we have \h n J 2 | = 2. By Lemma l2~TT3| we get rank(F/(-l, c)) > 4. 
Without loss of generality we may assume that e^e^e^, e^e^e^, e\e^e^ G F. 
Then modulo these three elements and — 1, c, any other element of F is of the form 
ei with / C {5, 6, 7, 8, 9, 10, 1, 12} and |/| = 4. So we come back to the second case 
considered above. Then we get the uniqueness of the conjugacy class when n = 12. 

When n = 14, without loss of generality we may assume that 

F C (e 1 e 2 ,e 1 e 3l . . .,e x e Xi ). 

We already know that CiCj £ F for any % ^ j. Then besides ±1, ±c, any element 
of F is of the form ±e/ with |/| = 4, 6, 8 or 10. If F contains two elements of 
the form ej 1 ,ei 2 with |Ji| = |J 2 | =4 and Ji D 7 2 = 0, we may and do assume that 
eie 2 e 3 e 4 , e5e 6 e 7 e8 G F, then we have 

F C Spin(14) eie263e4 ' e5e6e7e8 = 

(Sp(l) 2 x Sp(l) 2 x SU(4))/((-l, -1, 1, 1, -/), (1, 1, -1, -1, -/)) 

and [(±l,±l,±l,±l,/)],[(l,l,l,l,iJ)] G F. By Proposition EH the images of the 
projections of F to the first two components are conjugate to 

([(-l,l)],[(i,i)],[(j,j)]) 
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and the image of the projection of F to the third component is conjugate to 
(il, E\, E2, E3, E4). Then we can show that 

F ~ ([(±1, ±1, ±1, ±1, /)], [(1, 1, 1, 1, il)], [(i, i, 1, 1, Eh)], [(j, j, 1, 1, E 2 )\, 

[(l J l,i,i, J E7 3 )],[(l,lJJ,^4)])- 

So the conjugacy class is unique in this case. Moreover, F14 is in this conjugacy 
class since it contains two elements of the form ti x ,ei 2 with |7i| = |7 2 | = 4 and 

h n i 2 = 0. 

Suppose the above case does not happen, then for any ej 1; ej 2 G F (I\ ^ 7 2 ) with 
— |7 2 | — 4, we have |7i fl 7 2 | = 2. Let 

F' = {± e/ G F : \I\ = 4} U {±1}. 

Then F' is a subgroup of F. Moreover, there must exist a subgroup F" of F such 
that —1 G -F"; for any other ±ej G F", we have |7| = 8; and 

F/(-l,c) = ((F',c)/(-l,c)) x «F", C }/<-l,c» 

is a direct product. Then for any tj x G F',ej 2 G F", we have |7i fl 7 2 | = 2; and 
for any e h ,e h G F" {I x 7^ 7 2 ), we have |7i n 7 2 | = 4. Let r x = rank(F'/(-l)), 
r 2 = rankF"/(— 1) and r = rank(F/(— 1, c)). Then r = r\ + r 2 . By Lemma [2.131 
we get r > 4. Since for any e^, e/ 2 G F" (7j 7^ 7 2 ), we have |7j fl 7 2 | = 4, so r 2 < 3. 
Since for any e^, ej 2 G F' (7i 7^ 7 2 ), we have |7i fl 7 2 | = 2, so ri < 3. When r± = 3, 
we may and do assume that 

F' = (-I,eie 2 e 3 e4,e 1 e 2 e5e 6 ,eie 3 e5e 7 ). 

Then for any ±ej G F" with |7| = 8, a little combinatorial argument shows that, 
we can not have 

|7n{l,2,3,4}| = |7n{l,2,5,6}| = |7 n {1, 3, 5, 7}| = 2. 

So we get a contradiction. When r\ = 2, we may and do assume that F' = 
(— 1, eie 2 e 3 e4, eie 2 e5eg). Modulo elements in F', any element of F" is of the form 
±eie 3 ej with 7 C {5, 6, 7, 8, 9, 10, 11, 12, 13, 14} and |7 n {5, 6}| = 1. Then we must 
have r 2 < 2. Moreover we can show that 5o(14) F 7^ in this case. So we get a 
contraction. When 7*1 = 1, we must have r 2 = 3 since r > 3. In this case one can 
show that 5o(14) F 7^ 0. Then we get the uniqueness of the conjugacy class when 

71 = 14. □ 

Proposition 2.18. Let k„ be the number of conjugacy classes of finite abelian 
subgroups F of Spin(ri) satisfying the condition (*) and with — 1 G F and c n = 
eie 2 • • -e n G F if 2\n. Then we have k 2n -i > k 2n -2 + k 2n for any integer n > 1. 

For any n > 1 except n = 2,3,4,5,6,10, Spin(n) has a finite abelian subgroup 
satisfying the condition (*). 

Proof. Finite abelian subgroups F of Spin(2r2 — 1) n > 1 satisfying the condition 
(*) and with — 1 G F can be divided into two disjoint classes. The first consists of 
those such that so(2n) F 7^ 0; the second consists of those such that so(2n) F = 0. If 
F is a finite abelian subgroup of Spin(2ri — 2) satisfying the condition (*) and with 
— 1, c 2ri _ 2 G F, then F G Spin(27i — 1) is a subgroup of Spin(2ri — 1) in the first class. 
One can show that, this gives an injective map from the conjugacy classes of finite 
abelian subgroups of Spin(2n— 2) satisfying the condition (*) and with — 1, c 2n _ 2 G F 
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to the conjugacy classes of finite abelian subgroups of Spin(2n — 1) in the first class. 
Let F be a finite abelian subgroup of Spin(2n — 1) satisfying the condition (*) 
and with —1 G F in the second class, then (F,C2 n ) C Spin(2n) is a finite abelian 
subgroup of Spin(2n) satisfying the condition (*) and with —l,c 2n G F. One can 
show that, this gives a surjective map from the conjugacy classes of finite abelian 
subgroups of Spin(2n — 1) in the second class to the conjugacy classes of finite 
abelian subgroups of Spin(2n) satisfying the condition (*) and with — l,c 2n G F. 
By these, we get the inequality k 2n -i > k 2n _ 2 + k 2n . 

By Propositions I2.16[ 12. 171 and the first statement, to show the second statement, 
we just need to show k n > for any even integer n > 16. Any even n > 16 is of the 
form n = 4m (m > 4), n = 14 + 8m (m > 1) or n = 18 + 8m (m > 0). Let 

F 4m = (eie 3 ■ • • e 4m -i, e 1 e 2 e2i + ie 2 i + 2 : 1 < i < 2m — 1), 

-^14+8m — (e8m+ie8m+2e8m+3 e 8m+4, eg m+ ie8m+2e8m+5 e 8m+6! 

e8m+ie8m+3 e 8m+5 e 8m+7; e8 m +8 e 8m+9e8m+10 e 8m+ll > 
e8m+8e8m+9e8m+12e8m+13, ^8m+8^8rn+lO e Sm+12SSm+U, 
e 8i+l e 8i+2e8i+3 e 8i+4, &8i+l e 8i+2^8i+5 e 8i+6 5 

e 8i+l e 8i+3 e 8i+5 e 8i+7) e 8i+5 e 8i+6 e 8i+7 e 8i+8 : < 2 < m — 1), 

-Pl8+8m = (e8m+ie8m+3e8m+5e8m+7 e 8m+9e8m+llj e 8m+ie8m+2e8m+3e8m+4; 
CSm+1 C8m+2 Csm+5 e 8m+6 j ^Sm+l Csm+2 e8m+7 e 8m+8 j 
e8m+ie8m+2e8m+9e8m+10, e8m+12e8m+13e8m+14e8m+15 j 
e8m+12e8m+13e8m+16e8m+17; ^8m+12e8m+U^8m+16^8m+18 1 
e 8i+l e 8j+2e8i+3 e 8«+4; e8i+ie8j+2e8j+5 e 8i+6; 

^8i+l^8i+^8i+b^8i+7 ■, ^8i+b^8i+^8i+7 ^8i+8 < i < 171 — 1) . 

These are finite abelian subgroups satisfying condition (*). So we get the conclusion 
of the second statement. □ 

We also discuss finite abelian subgroups of the half-spin group Spin(2n)/ (c) sat- 
isfying the condition here. When 2\n, Spin(2n)/(c) = SO(2n)/(— I), these abelian 
subgroups have been discussed during the consideration of projective orthogonal 
groups. When 4|n, the smallest n are 4, 8, 12, • • ■ . We have Spin(4) = Sp(l) x SO(3) 
and Spin(8)/ (c) = SO(8), so no more need to consider them. In the below, we con- 
sider Spin(12). 

Proposition 2.19. There exist three conjuagacy classes of finite abelian subgroups 
F of Spin(12)/(c) satisfying the condition (*) and with —1 G F. 

Proof. Let F C Spin(12)/ (c) be a finite abelian subgroup satisfying the condition (*) 
and with —1 G F. Let tt : Spin(12)/(c) — > SO(12)/(— 1) be the natural projection 
and F' = ir(F). B 

We have an elementary abelian 2-subgroup Bp> of F' . Without loss of gener- 
ality, we may assume that Bp/ is contained in the subgroup of diagonal matrices 
in SO(12)/(— 1). We distinguish too cases according to whether Bp> containing an 
element conjugate to I^q. 
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If Bpi contains an element conjugate to I^q, we may and do assume that x\ = 
[eie 2 e 3 e 4 e 5 e6] G F and ir(x) G Bpi. Let y\ = eie 2 e 3 e 4 ese6 G Spin(12). Since 
ir(x) G Bpi, so there exists no x = [y] G F such that [y,yi] = c. Then we have 

F C Spin(12f 7(c) = (SU(4) x SU(4))/(i/), 



where y\ = (U,I). By Proposition I2.1[ we get 

F ~ Ft = ([U},[(A A ,A 4 )),[(B A ,B 4 )}) 



or 



Here 



F 2 = <[(z7, /)], [(/ 2>2 , J 2>2 )], [(4, J*)], [(A' 4 , A> 4 )}, [(B'„ B',)\). 
l + i 

M = -j=- diag{l, i, -1, -z}, 



R - 1 + 1 

4 " 



/ 1 \ 

10 

1 

\ 1 J 



A' 4 = diagj/i,!, 7i t i}, B' A = diag{ J[, J[}. 



If Bp' contains no elements conjugate to /6,6> by Proposition 12 .41 we get an equality 
12 = 2 k SQ. Then we have k = 0, 1 or 2. 

When k = 0, the subgroup F' is diagonalizable, so the pre-image of F in Spin(12) 
is also abelian. By Proposition 12.171 we get a unique conjugacy class in this case. 
The above F 2 is in this conjuagacy class. 

When k — 1, we have sq = 6. Then we have 

log 2 6 < rank Bpi < 6 — 1. 

So we get 3 < rank .Bp/ < 5. Since we assume that Bp/ contains no elements 
conjugate to 76,6) we must have rank Bpi = 4 and 

Bp, ~ (/ 4j8 ,/ 8i 4,diag{-/ 2i 4, J 6 },diag{/ 6 ,74,2}}- 

Then we have 

F C (Spin(12)/ (c)) 7r ~ 1 ^ F '- ) = (Spin(2) 6 /((c 2 ,...,c 2 ))) x (e^e^en). 
Then we get 

F ~ F 3 = ([eie 2 e 3 e 4 ], [e 5 e 6 e 7 e 8 ], [e 3 e 4 e 5 e 6 ], [e 7 e 8 e 9 eio], eie 3 e5e 7 e9eii, 5), 

where 

_ ei + e 2 e 3 + e 4 e 5 + e 6 e 7 + e 8 e 9 + eio en + e 12 

y/2 V2 y/2 V2 \/2 >/2 
When k = 2, we have So = 3. As in Proposition 12.5} we get a linear structure 
(m, /ii, /i 2 , /i 3 ) on F' /Bp/. As Proposition 12.51 showed, we have three possibility for 
this structure distinguished by: ^1,^2,^3 are all equal to each other; two of them 
are equal, and different with the other one: any two of are not equal. In any case, 
we can find elements x,y G F' such that x, y, xy are all not in Bp/, m(x, y) = 1 and 

Ati(z) = /i 2 (x) = fi 3 (x) = m(y) = n 2 (y) = A*s(y) = i- 

Then we have 

(x, y) ~ (diag{J 2i2 , J 2)2 , J 2 ,2, }, diag-f/i,, J M , Ji il( i^i, J^i, Ji,i}). 
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Then we have 

(x',y') ~ {[eie 2 e 5 e 6 e 9 e 10 ], [e^e^jegen]) 

for any x' G 7T _1 (x) and y' G n^ 1 (y). Since [x',y'] = [—1] ^ 1, so they do not 
commute in Spin(12)/(c). This contracts that F is an abelian subgroup. 

When k = 3, similarly as the k = 2, we can show that such an F does not 
exist. □ 

In Spin(12)(c), the above Fi is 

/r i r l + e 5 e 6 l + euei 2l e x + e 2 1 + e 3 e 4 e 7 + e 8 1 + e 9 ei n 
([e 1 e 2 e3e4e 5 e 6 J, [eie 3 e 7 e 9 J, \—j= e5 ^f 7/f — ei1 ^ 

3. Exceptional simple Lie groups 

3.1. Complex and compact simple Lie algebras. For a complex simple Lie 
algebra g with a specified Cartan subalgebra t), let A = A(g, f)) be the root system 
of g and B be its Killing form. For any A 6 f)*, let H\ G t) be determined by 

B{H x ,H) = \(H),VHet). 

For any root a G A, let 

2 

a(H a ) 

Let 

II = {ai, ...,a r } 

be a simple system of A(g, f)). For brevity, let H[ denote H' a . for any 1 < i < r. 
In this paper, we always follow Bourbaki numbering to order the simple roots (cf. 
[BoJ Pages 265-300). Draw A a ^Ap :0l edges to connect any two distinct simple roots 
a and (3, and draw an arrow from a to j5 if (a, a) > (f3,(3), we get a graph. This 
graph is called the Dynkin diagram of g. 

For any a G A, let X a be a root vector of the root a, one can normalize the 
root vectors {X a ,X_ a } so that B(X a , X_ a ) = 2/a(H a ) . Then [X Q ,X_J = H' a . 
Moreover, one can normalize {X a } appropriately, such that 

u = span R {X a - X_ a , i(X a + X_ a ),iH a : a G A} 

is a compact real form of g ( |Knj pages 348 — 354). From now on, when we talk 
about a compact real simple Lie algebra, we just mean this specific real form of a 
complex simple Lie algebra g. 

Let Aut(uo) be the group of automorphisms of Uo and Int(uo) be the subgroup of 
inner automorphisms. We have 

Out(uo) := Aut(u )/Int(u ) = Out(g) = Aut(LT), 

where Aut(LT) is the symmetry group of the Dynkin diagram IT. 

Recall that, automorphisms of lower rank of compact (or complex) simple Lie 
algebras were classified. We may find a description of them in |Gr] . In this paper, 
for elements of order 3, we follow the notation of |AGM Vj ; and for elements of order 
2, we follow the notation of |Yuj . 

The first part of the following proposition is a theorem of Steinberg (cf. [OVJ 
Pages 214-216); the second part is well-known (cf. |Knj Page 260). 
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Proposition 3.1. For a connected and simply connected compact Lie group G and 
an automorphism <ft of G, the fixed point subgroup G^ is connected. 

For any (connected) torus S of a connected compact Lie group G, the centralizer 
Cq{S) is connected. 

3.2. Method of classification. Let G be a connected compact Lie group and 
F C G be an abelian subgroup. Let o = Lie F, a = do ®r Ccg. Let L = C G (a ) 
and L s = [L, L] 

Lemma 3.1. If F G G is an abelian subgroup satisfying the condition (*). Then 
we have a = Z(C g (a)) and F n L s C L s also satisfies the condition (*). 

Proof. By Proposition 13.11 we get L is connected. Since F C G is an abelian 
subgroup satisfying the condition (*), so F C L and Z(L)q C F. Then we have 
F = Z(L) and F = F (F n L s ). Then the equality a = Z(C B (a)) follows. Since 
F = Z(L)q commutes with L s , so F fl L s C L s also satisfies the condition (*). □ 

Note that, C s (a) is a Levi subalgebra, so Lemma [3.11 indicates that the complex- 
ified Lie algebra of ao = Lie F is the center of a Levi subalgebra. 

The following is a well-known property of Levi subgroups. For the reason of 
accuracy, we will give a sketch of the proof. 

Lemma 3.2. Let G be a compact connected and simply connected Lie group and 
L C G be a closed connected subgroup. If I = [ ®m C C g is a Levi subalgebra, then 
L s = [L, L] is simply connected. 

Sketch of the proof. Choose a maximal torus T of G, let t = LieT and f) = t ®iC. 
Then f) is a Cartan subalgebra of q. As in the beginning of this section, we have a 
root system A and a simple system II; and we have the elements 

a{H a ) 

Then the condition of G is simply connected is equivalent to the kernel of expo- 
nential map exp : to C T is generated by 

{2mH' aj : a 3 G II), 

Since t is a Levi subalgebra, without loss of generality we may assume that T C L 
and a subset IT C II is a simple simple of L. Then X" = T fl L s is a maximal torus 
of L s and the kernel of exponential map exp : t' C T" is generated by 

{2<iriH' a . : a 3 e II'}. 

Then L s is simply connected. □ 



Lemma [3711 reduces the classification of abelian subgroups of a compact connected 
Lie group satisfying the condition (*) to the classification of finite abelian subgroups 
of certain compact connected closed subgroups of smaller rank satisfying the condi- 
tion (*). Moreover, using Lemma [3.2[ we are able to determined the isomorphism 
types of these compact connected closed subgroups. 

For G = Int(llo) with u a compact exceptional simple Lie algebra, to classify 
abelian subgroups of G satisfying the condition (*) and of positive dimension, by 
the above procedure we are led to a classification of finite abelian subgroups of 
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a connected compact classical simple Lie group, a connected compact exceptional 
simple Lie group, or a product of them for few cases. To classify finite abelian 
subgroups of G satisfying the condition (*), our general strategy is as follows. Take a 
compact connected and simply connected Lie group G with a Lie algebra isomorphic 
to Uo- Then we have an adjoint homomorphism tc : G — > G. We have ker ir = Z(G) 
is of order 3 when Uo is of type E 6 ; of order 2 when Uo is of type E 7 ; and trivial when 
Uo is of type Eg, F 4 or G2. For a finite abelian subgroup F of Int(uo) satisfying the 
condition (*), by Proposition 13. 1[ for any x G F with (o(x), \Z(G)\) = 1, we have 
F C G x and G x is connected. Then G x must be semisimple. By |Osj . we are able 
to determine the conjugacy class of the subalgebra g x and then the conjugacy class 
of the element x. By this way, a little argument enables us to get most of these 
finite abelian subgroups except some finite elementary 3-subgroups of Int(e 6 ) and 
some finite abelian subgroups with exponent 4 of Int(e7) or t%. For them, we need 
to do more detailed analysis. The exponent 3 case is relatively easier. To do the 
exponent 4 case, we will use some results on the classification of elementary abelian 
2-subgroups in |Yuj . 

For a compact exceptional simple Lie algebra u , Aut(u ) 7^ Int(u ) occurs only 
when u is of type E 6 . For G = Aut(e 6 ), since the outer automorphisms really cause 
some complexity, we can not follow the same way as above for the classification in 
connected compact Lie groups. But we still can mimic the above procedure to finish 
the classification, with the cost of more case by case analysis need to do. 

Remark 3.1. If we apply the Lemmas \3.1\ and \3.2\ to Int(uo) to Int(uo) for a compact 
classical simple Lie algebra Uo, we would give a different proof for Propositions \2. 1\ 
\2.S\ and for Proposition\2.J\ when F C PSO(n). 



4. G 2 

Let G = Aut($j 2 ). In |Yuj . we proved G has a unique conjuagacy class of elemen- 
tary abelian 2-subgroups of rank 3, let F\ denote one of them. Let T be a maximal 
torus of G. 

Proposition 4.1. Any abelian subgroup F of G 2 satisfying the condition (*) is 
either a maximal torus or is conjugate to F\. 

Proof. Let k = dimF. Then we have < k < rankG = 2. 
When k = 2, it is clear that F is a maximal torus. 

When k = 1, by Lemma I3T2"1 = Lie F®^C is the center of a Levi subalgebra. The 
complex simple group G 2 (C) has two conjugacy classes of Levi subgroups with center 
of dimension 1, both are isomorphic to GL(2,C). Let some F C H = U(2) be an 
abelian subgroup satisfying the condition (*). Then Z(U(2)) C F and FnH s C H s 
is a finite abelian subgroup satisfying the condition (*), where H s = [H, H] = SU(2). 
Since SU(2) has no finite abelian subgroups satisfying the condition (*), so we get 
a contraction. Then k — 1 is impossible. 

When k — 0, for any 1 7^ x G F, we have F C G x and Z(G x )q C F since 
F satisfies the condition (*). By Steinberg 's theorem, G x is connected, so it is 
semisimple since F is finite. By [Osj . we know q x is of type of A\ or A^+Af. Then 
we have either G x S SU(3) or G x ^ (Sp(l) x Sp(l))/((-l, -1)). The first case is 
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impossible since any abelian subgorup of SU(3) is toral. In the latter case, we have 
F = (C 2 ) 3 and get a unique conjugacy class. Then we have F ~ F\. □ 

Proposition 4.2. We have 

iV G (F 1 )/C i , 2 ^GL(3,F 2 ) 
Proof. The relation N G (F 1 )/C F2 S GL(3,F 2 ) is proved in [YuJ Corollary 4.2. □ 



5. F 4 

Let G = Aut(f 4 ). 

Let 6 = exp(^p(2#3 + H' 4 )), then (g e , fj) has a simple system 

{/3 - ai,cKi} U {a 3 ,a 4 }, 

which is of type 2A 2 . Here = 2ai+3a 2 +4a: 3 +2a 4 is the highest root. By Steinberg 
's theorem, G e is connected. Since exp(^f {H' p _ ai +2H' ai )) = exp(^f {2H' aa + H , C J), 
so G 6 = (SU(3) x SU(3))/<(wJ, wl)>, where = [(ul, I)}. Let 

F = ([(ul, I)}, [(A, A)}, [(B, B)]) CG 6 CG, 





f 1 ^ 
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abelian subgroup of G. We have 

G Fl = (G e ) Fl = ((SU(3) x SU(3))/((a;/,a;/))) Fl = F 1; 

so u^ 1 = 0. 

For the involution o\ G G = F 4 , we have (cf. |HY] Table 2) 

G CTl = (Sp(3)xSp(l))/((-/,-l)>. 

Let 

F 2 = ((-/, 1), (if, i), (j/, j), (/ lj2 , 1), (7 2>1 , 1)). 

Then it is an elementary abelian 2-subgroup of G satisfying the condition = 0. 
The group G has a Levi subgroup H of type B 3 . And we have 

= (Spin(7)xU(l))/((-l,-l)>. 

Let 

F 3 = (1 x U(l), [(eie 2 e 3 e 4 , 1)], [(eie 2 e 5 e 6 , 1)], [(eie 3 e 5 e 7 , 1)]). 

Since 

QFs = H F, = ^ x jj^)) . ( Spin ( 7 ))e ie2e3e4 , eie2e5e6 , eie3 e 5e7 = ^ 

„ = uieF 3 . 



so u F:i = Lie F 



Proposition 5.1. v4n?/ abelian subgroup F ofG satisfying the condition (*) is either 
a maximal torus, or is conjugate to one of F\, F 2 , F3. 
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Proof. Let F be an abelian subgroup of G satisfying the condition (*). Let k = 
dimF. Then we have < k < rankG = 4. 

When k — 4, it is clear that F is a maximal torus. 

When < k < 4, by Lemma 13.14 we know Lie F ®u C is the center of a Levi 
subalgebra. So there exists a connected subgroup H of G whose complecification is 
a Levi subgroup such that (Zh)o C F C H. By Lemma I3T21 we get H = H s ■ (Zh)o 
with H s = [H, H] connected and simply connected, and F' = F R H s is a finite 
abelian subgroup of H s satisfying condition (*). By Propositions 12.11 12.31 12.71 
among compact connected and simply connected Lie groups of rank at most 3, only 
Spin(7) may have finite subgroups satisfying the condition (*). So H must be of 
type B 3 . Then we have H = (Spin(7) x U(l))/((-l, -1)). By Proposition EM we 
get F' ~ (— 1, eie 2 e 3 e4, eie 2 e 5 e 6 , eie 3 e 5 e 7 ). Then we have F ~ F 3 . 

When k — 0, for any 1 ^ x G F, we have F C G x . By Steinberg 's theorem G x 
is connected. Then G x is semisimple since (Z G x) C F as F satisfies the condition 
(*)• By [Ql], the root system of G x is one of A\ + A$, + Af, B 4 , D 4 , B 2 + 2A U 
4Ai, C 3 + Ai, C 2 + 2 Ax. When the root system is A\ + , we have 

G x = (SU(3) x SU(3))/((w/,w/)), 

then F ~ F\. When the root system is A% + Af, we have 

i^(SU(4)xSp(l))/<(-J,-l)), 

where x = (±il,l). In this case, let S\,S2 be images of F under the projections 
to SU(4)/ (— 7} and Sp(l)/ (—1) respectively. Then they are both finite abelian sub- 
groups satisfying the condition (*). By Propositions 12. II and 12.71 we get Si ~ (H2) 2 
and S2 ~ H' 2 . Then kermi = kerm,2 = 1 for the bilinear forms m\,mi on S\,Si 
respectively. Since H = (SU(4) x Sp(l))/((-J, -1)), for any (A, x), (B,y) G F, we 
have mi(A,B) = m2(x,y). From this we get rank(5*i/ker mi) = rank^/ ker m 2 ). 
This is in contraction with rank (Si/ ker mi) = 4 and rank(S 2 / ker 777.2) — 2. In the 
remaining cases, for any 1 7^ x G F, the root system of G x is one of B 4 , D 4 , B 2 + 2Ai, 
4Ai, C3 + Ai, C2 + 2Ai, so we have o(x) = 2. Then F is an elementary abelian 
2-group. From the proof of Proposition 5.2 in |Yuj . we know that any elementary 
abelian 2-subgroup of G without elements conjugate to 04 has rank at most 2 and 
satisfies Uq 7^ 0. When F contains an element conjuagte to 04, without loss of 
generality we may assume that 04 G F. Then we have 

FcG^-(Sp(3)xSp(l))/((-/,-l)>. 

By Proposition 12.11 one can show that F ~ F2. □ 

Recall that (cf. [YuJ), Let P(r, s; F 2 ) is the group of (r, s)-block wise upper triangle 
matrices in GL(r + s, F 2 ). 

Proposition 5.2. We have 

W(Fi) = N G (Fi)/C G (Fi) S SL(3,F 3 ), 

H^(F 2 ) = N G (F2)/C G (F 2 ) = P(3,2;F 2 ) 

and 

W(F 3 ) = N G (F 3 )/C G (F 3 ) = (GL(3,F 2 ) x {±1}) x Hom((F 2 ) 3 , F 2 ). 
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Proof. First we know that W{F{) acts transitively on F\ since any non-identity of F\ 
is conjugate to 9 by the proof of Proposition 15.11 Moreover, the stabilizer of W(Fi) 
at 9 is clearly isomorphic to SL(2,Fa). Then we must have W(F\) = SL(3, F3). 

By Proposition 5.5 in [Yuj, we get W{F 2 ) = P(3,2;F 2 ). 

We have (F 3 ) = U(l) and F 3 /(F 3 ) S (F 2 ) 3 . So get a homomorphism 

W{F 3 ) ^GL(3,F 2 x {±1}. 

From the inclusion F C H = (Spin(7) x U(l))/ ((—1, —1)), one can show that this 
homomorphism is surjective with a kernel (F 2 ) 3 ,F 2 , where the last F 2 = Z((F 3 )o). 
Then we get W(F 3 ) = (GL(3,F 2 ) x {±1}) x Hom((F 2 ) 3 , F 2 ). □ 

6. E 6 

Let G = Aut(e 6 ), then G = Int(u ). Let Gi = E 6 and G 2 = E 6 x(r), where 
r 2 = 1 and Ad(r)| e6 is the diagram automorphism with (e 6 ) r = f 4 . Let tt : G 2 — > G 
be the adjoint homomorphism. Then we have ker7r = (z), where 

2iri 

z = exp(—(H[ + 2H' 3 + H' 5 + 2H' 6 )) e Z E(i 
and we have o(z) = 3. 
6.1. Inner case. Let 

27T? 

9 l = exp(—(2H' 1 + H' s ))eG 1 

and 

9 2 = exp(—(2H[ + 2H' 3 + 2H' A + H' 2 + H' 5 )) e G x . 

Then they are elements of order 3 in G% = E 6 . Compare with the terminology in 
jAGMV] . 61 is in the Class "3C" and 9 2 is in the Class "3D". The Lie algebra q 01 is 
of type 3 A 2 and with simple roots 

{«i, a 3 , a e , a 5 , (3 - a 2 , a 2 }. 

The Lie algebra q 02 is of type D 4 and with simple roots 

{a 3 , a 4 , a 2 , a 5 }. 

Here (3 = a,\ + a e + 2{a 2 + a 3 + a 5 ) + 3a 4 is the highest root. We have 

(d f 1 = (SU(3) x SU(3) x SU(3))/((w/ J w/ J wi)> 

with z = (ul, a; -1 /, J), and 

(GO 02 - (Spin(8) x U(l) x U(l))/((c, -1, 1), (-c, 1, -1)) 

with z = (1, u), u). 

Let i] G Aut(g) be an automorphism determined by rj(X± a4 ) = X± a4 , 

v{X±a 2 ) — X± a3 , r)(X± a3 ) = X± as , T)(X± aB ) = X± a2 , 

f]{X± ai ) = X± aa , r)(X± ae ) = X Tl3 , T](X T/3 ) = X± ai . 

Then 77 stabilizes u , so r\ G G = Aut(e 6 ). We have 
and 

r}9 2 rf x = z9 2 
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For i — 1, 2, we have 

(G )«M = {ge G^g-^r 1 e (z)}/{z). 

Since rjOii]^ 1 = z9i, so we have 

{geG 1 \g9 l g-\9 i y 1 e(z)} = (G 1 ) e i-(r ] ). 

Then (Go) 71 ^ 1 -* has three connected components. Moreover one can show that 

( Go y(6i) & ((SU(3) x SU(3) x SU(3))/<(wJ, ul, ul), (ul, u~ l I, I))) x (77}, 

where we have n(9 1 ) = [(col, I, I)], T)(Ax, A 2 , A^r/^ 1 = (A 2 ,A 3 ,A 1 ) and rf = 1. 
Similarly, we can show that 

(G )^ 2) = ((Spin(8) x U(l) x U(l))/((c, -1, 1), (-c, -1, -1))) x (77) 

with tt(# 2 ) = (1, 1, w), (so(8) © z'M © iR)'' = g 2 © © and r/ 3 = 1. 

Let F C G be an abelian subgroup. For any x, y G F fl Go, choose G Gi 
such that 7r(x') = x and 71(7/') = y, then we have [x',7/'] = z k for some k = 0, 1,2. 
Define m(x,y) = z k . Then m is an anti-symmetric bi-multiplicative function on F. 

Lemma 6.1. For any X\,x 2 , £3 G FC\Gq, we have m(xi,Xi) = 1 and m(xiX 2 , £3) = 
m(x 1 ,x 3 )m{x 2 ,x 3 ). 

Proof. The proof of similar as the proof for Lemma 12.11 □ 

Lemma 6.2. Let F C Go be a finite abelian subgroup satisfying cthe ondition (*). 
Then for any 1 ^ x G F, 

(1) , if o(x) = p is a prime, we have p = 2 or 3; 

(2) , if o(x) = 2 k , we have o(x) = 2 and x ~ a%; 

(3) , if o(x) = 3 k , we have o(x) = 3 and x ~ tt(0i) or 7r(# 2 )- 

Proof. For (1), suppose that p > 3. Since (o(x), 3) = 1, so there exists y G G\ such 
that a; = ir(y) and 0(7/) = o(x) = p. Then we have F C (Go) x ' and 

(G ) x = {geG 1 :gyg- 1 y- 1 E(z)}/(z). 

Since (0(7/), 3) = 1, so 0(7/2;) = o(yz 2 ) = 3o(y) ^ o(y). Then we have yz 7^ y and 
7/z 2 7^ 7/. By this, we get (Go) x = (Gi) y /(z). By Steinberg 's theorem [Gi) v is 
connected, so (Go) x is connected. Since F satisfies the condition (*), so (Gq) x must 
be semisimple. By |Os] , we get that q v is of type 3A 2 or A 5 + A%. Then (G ) x 
does not contain any element in its center and of order a prime p > 3. So we get a 
contradiction. Then we have p = 2 or 3. 

For (2), similarly as in (1), we get there exists y G Gi such that x = 7t(t/) and 
0(7/) = (x) = 2 k . Then F C {G ) x and (G ) x = (Gi)V(^). By Steinberg 's 
theorem, (Gi) y is connected, so (Go) x is connected. Since F satisfies the condition 
(*), so (Go) 1 must be semisimple. By |Osj . we get g x is of type 3A 2 or A$ + A\. 
Since we assume o(x) = 2 k , so Z is of type A 5 + A x . In this case, we have (G ) x — 
(SU(6) x Sp(l))/((w/,l),(-/,-l)). Then o(x) = 2 k = 2. Moreover we have 
x = [(/, — 1)] ~ o~i (cf. [HYj Table 2). 

For (3), suppose that o(x) 7^ 3. Then F has an element of order 9. We may 
and do assume that o(x) = 9. Then o(x 3 ) = 3 and x 3 G kerm. Choose an element 
y G Gi such that tt(t/) = x. Then we have F C (Gi) y /(z) since a; kerm. By 
Steinberg 's theorem, (Gi) y3 is connected. Since F satisfies the condition (*), so 
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(G\) yi must be semisimple. By [Osj . Q yS is of type 3A 2 or A 5 +A\. Since o(x 3 ) = 3, 
so g y is of type 3A 2 . Then we have 

(dy 3 S (SU(3) x SU(3) x SU(3))/((wi>i>I)) 

and 

{G x ) y3 /{z) (SU(3) x SU(3) x SU(3))/((a;/,a;/,a;/),(a;/,a;- 1 /,/)). 

We have x 3 = [y 3 ] = [(col, I, I)} or [(w -1 /, J, J)]. Without loss of generality, we may 
assume that y = (A 1} A 2 ,A 3 ) with (A^ 3 = uo k I and (A 2 ) 3 = (A 3 ) 3 = u k+1 I for 
some k = 0, 1 or 2. When = 1 or 2, we have Ai 7^ u;Ai and A\ 7^ uu 2 Ai, so the 
component of ((Gi) 5 ' / (z)) x on the first SU(3) factor is SU(3) j4l ) which has a center 
of positive dimension. Then we have 7^ 0. When k = 0, we have A 2 7^ UM2, 
A 2 rfj u 2 A 2 , A3 uj A 3 and A3 7^ u 2 A3, so 

(Go) 2 = ((Gi) y3 / (z)) x = (G^/iz). 

Then we have F C (Go) 31 and (Go)^ has a center of positive dimension. Then we 
get 7^ 0. So we always have 7^ 0. This contracts that F satisfies the condition 
(*). Then we have o(x) = 3 if o(x) = 3 k . 

For the terminology in [AGMVj . Go has five conjugacy classes of elements of order 
3 labeled as "3B", "3C", "3D","3E","3F". For an element x in class "3B", "3E", or 
'3F", the order of Aut((uo) x )/ Int((uo) x ) is coprime to 3, and ug is not semisimple, 
so (Go) 1 is connected and is not semisimple. Then it does not contain any finite 
abelian subgroup satisfying the condition (*). Then x is either in the class "3C" or 
in the class "3D". That is, we have x ~ Q\ or 9 2 . □ 

Lemma 6.3. We have 77 ~ tt{0 2 ) and t]T{{9i) ~ f]ir(6i) 2 ~ tt(0i). 

[0 1 0\ 

Proof. Firstly, let A = diag{l, u, u 2 } and B = \ 1 . Then 




F=(7T(9 1 ),r ] ,(A,A,A),(B,B,B)) 

is an elementary abelian 3-subgroup of Go such that Uq = 1. Then any non-identity 
element of F is conjugate to 11 {61) or n(9 2 ) by Lemma 16^21 The Lie algebra q = ee(C) 
has 36 positive roots, among them only the six roots ±04, ±(0:4 + a 2 + c*3 + as), 
±(2ct4 + a 2 + a3 + 0:5) are fixed under the action of r\. Moreover r\ acts as identity on 
their root vectors. The action of 77 also permutes the elements {iH aj : 1 < j < 6}. 
Then we get 

dung" = 6 + I^Jll. = 30 = dimg 7 ^ ^ dimg 7 ^ 1 ). 
3 

So we have rj ~ n(0 2 ). 

Similar consideration shows that 

= g vA0i) 2 = 11^1 = 24 = dimg^ ^ dimg^\ 
3 

so T]iir(9x) ~ rix-niOi) 2 ~ 7r(0i). □ 

Lemma 6.4. There exist two conjugacy classes of rank 2 elementary abelian 3- 
subgroups of Go with non-trivial bi-function m. 
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Proof. Let F be a rank 2 elementary abelian 3-subgroup of Go with a non-trivial 
bi-function m. By the same reason as in the proof for Lemma I6.2[ we get any 
non-trivial element of F is conjugate to ir(0\) or it (9 2). 

When F contains an element conjugate to ix(9-\), without loss of generality we 
may assume that 7v(9i) G F. Then we have 

FC (G )^ 9l) = ((SU(3) x SU(3) x SU(3))/<(wJ, ul, ul), (ul, u~ l I, I))) x (77). 

Since the bi-function m on F is non-trivial, so F is generated by 7r(0i) and another 
element of order 3 not in ((Go) 7r ^ 1 ^)o- Firstly, any element in ry((Go) 7r ^ 1 ^)o is conju- 
gate to an element of the form (A,I,I)rj. Secondly, ((A,I,I)rj) 3 = 1 if and only if 
A G (col). That is, we have just to say, [(col, I, I)]n(9i), so we get 

When F contains no elements conjugate to 7r(0i), all non-trivial elements of F 
are conjugate to n(9 2 ). without loss of generality we may assume that vr(6 , 2 ) G F. 
Then we have 

F c (G )^ 2) = ((Spin(8) x U(l) x U(l))/((c, -1, 1), (-c, -1, -1))) x (77). 

Since the bi-function m is non-trivial, so F is generated by 71(82) and another 
element of order 3 in the coset f]((Go) w( - 92 ^)Q. Firstly, any element in ^(((jo) ^)o is 
conjugate to an element of the form (A, 1, 1)77, A G Spin(8). Secondly, from we know 
77 Spin(8) contains two conjugacy classes of elements of order 3, with repretatives 
r) and 7/ = Arj respectively, where (Spin(8)) ,? = PSU(3). All non-trivial elements 
of (71(62),!]) are conjugate to tt(9 2 ), so (71(62),^) ^ (n(9i),r]) . On the other hand, 
we have (71(62), v') ~ ( 7r ($i); r7 ) since the latter contains an element conjugate to 
7i(6 2 ). □ 

Corollary 6.1. We have 7/ ~ r]'n(9 2 ) ~ r]'n(9 2 ) 2 ~ 7r(0i). 

Proof. By Lemma [EH the only elements conjugate to 7r(0 2 ) in (71(61),!]) are 77 and 
r/ 2 . Since (7r(6 2 ),ri') ~ (7r(6 l 1 ), 77), so we have 77' ~ ^'71(62) ~ t/tt^) 2 ~ tt(^i)- D 

Proposition 6.1. Lei F C Go be a finite abelian subgroup satisfying the condition 
(*). //-F is not a 3-group, then we have F = (C2) 3 x (C3) 2 and t/iere exists a unique 
conjugacy class of such subgroups. 

Proof. Under the assumption of the proposition, by Lemma 16.21 we get F contains 
an element conjugate to o\. Without loss of generality we may assume that a% G F, 
then we have 

F C (G r = (SU(6) x Sp(l))/((-7, -1), {ul, 1)). 

By Proposition 12. 1\ we get that the images of the projections of F to PSU(6) and 
Sp(l)/(— 1) are conjugate to H e = (A e ,B e ) and H' 2 = (Hi, 21) respectively, where 

A 6 = diag{(l,w 6 , (u 6 ) 2 , (w 6 ) 3 , (u 6 ) 4 , (u 6 f)} 
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and 

/° 1 \ 

1 
1 
1 
1 

V 1 / 

For any element (Ail, A 2 ) G ((—I, — 1), (col, 1)), we have A 2 = Af. Then we have 

F =([(-/, 1)], [(A 6 , i)],p 6 J)]). 
Then the conclusion of the proposition follows. □ 

Let Fi be a finite abelian subgroup of Go as in Proposition 16.11 

Proposition 6.2. The Sylow 3-subgroup of F\ is conjugate to (it (9 2), if). 
We have 

W(F 1 ) = Nq (Fi)/ Cq (Fx ) S GL(3,F 2 ) x SL(2,F 3 ). 

Proof. Let S3 be the Sylow 3-subgroup of F±. First of all, we see the bi-function m 
is not trivial on S3 from the construction of F. Secondly, S3 can not contains any 
element conjugate to ir(9i) since any finite abelian subgroup of 

( Gq )*(«0 ^ ((SU(3) x SU(3) x SU(3))/((uI,uI,uI),(uI,u- 1 I,I))) x (77) 

must be a 3-group. Then by the proof of Lemma [6.41 we get 

S3 ~ (vr(6 l 2),r/). 

Let be the Sylow 2-subgroup of Fx. Then we have a homomorphism 

W(F) — > W(S 2 ) x W(S 3 ). 

Since the bi-function m is not trivial on S3, so we have S3 C SL(2,F3). We have 
W(S 2 ) S GL(3,F 2 ) by [Yu] Proposition 6.10. Let p : W(F X ) — >■ V^(S 2 ) be the 
natural projection, p must be surjective due to the uniquenesss of the conjugacy 
class of finite abelian subgroups of Go satisfying the condition (*) and isomorphic 
to (G 2 ) 3 x (G3) 2 . On the other hand, from the construction of F\ we see that 
ker7r = SL(2,F 3 ). Combining these facts, we get 

W(F 1 ) ^GL(3,F 2 ) x SL(2,F 3 ). 

□ 

Proposition 6.3. There exist two conjugacy classes of elementary abelian 3-subgroups 
of Gq satisfying the condition (*). Subgroups in one of them have rank 3, and in 
the other one have rank 4- 

Proof. Let F be an elementary abelian 3-subgroup of Go satisfying the condition 
(*). When kerm = 1, we have F' = 7r _1 (F) is an elementary abelian 3-subgroup of 
G\. By the discussion in the beginning of the this section and Proposition 16.21 we 
get any non-identity element of F' is conjugate to 9\. Without loss of generality we 
may assume that 9\ G F', then 

F' C (Gi) 91 S (SU(3) x SU(3) x SU(3))/((w/, ul, col)). 
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Then we have 

F 1 ~ (c,9 u [{A,A,A)],[{B,B,B)]), 
where c = [(/, ul, ur 1 /)] G (G x ) ei n Z(Gi). Then we get 

F ~ (tt^O, [(A A, A)], [(5, 5, 5)]) C (G r<*> C G . 

When ker m/1, choose a rank 2-subgroup K of 5 with a non-trivial bi- function 
m. By Lemma EH we get K ~ 01 ( 7r (^2),v)- 

In the first case, we have 

Fc(G o )^ l) '" = PSU(3)x(7r(0 1 ),r / ). 

Then we have 

F^( 7 r(9 1 ), v ,(A,A,A),(B,B,B)). 
In the second case, we have 

Then 5flG 2 C G 2 is a finite elementary abelian 3-subgroup satisfying the condition 
(*). By Proposition I4.1[ G2 does not have any finite elementary abelian 3-subgroup 
satisfying the condition (*), so this case is impossible. □ 

In 

(G )t(*i) ((SU(3) x SU(3) x SU(3))/((w/,w/,w/),(a;/,w- 1 /,J))) x (77), 
where tt(0i) = [(col, I, I)}, 77(^1, A 2 , As)?/- 1 = (A 2 , A 3 , At) and r/ 3 = 1. Let 

F 2 =(7r(^ 1 ) ) p,A^)] ) p, J B, J B)]}, 

and 

F 3 = (tt^),^, [(A,A,A)],[(B,B,B)}). 

Lemma 6.5. We have ker (m\ Fa ) = ([{A, A, A)],[(B, B, B)]) . 

For any x G F 3 , we have x ~ 7r(# 2 ) if and only if x G //ker(m|i? 3 ) or x G 
7/ 2 ker(m|F 3 ). 

Proof. We have [(A, A, A)] G ker(m|F 3 ) and [(5,5,5)] G ker(m| j p 3 ) since their pre- 
images in (Gi) 1 and elements in 7r — 1 (77) all commute to each other. Then we have 

keT{m\ F3 ) = ([(A,A,A)],[(B,B,B)}) 

Since we know m is not trivial on 5 3 . 

For any y G ([(A, A, A)), [(5, 5, 5)]), there exists some [(Gi,G 2 ,G 3 )] G (G ) m 
such that 

[(G 1 ,G 2 ,G 3 )]r ? [(G 1 ,G 2 ,G 3 )]- 1 = W . 

So r/y ~ r]7r(0 2 ). Then we have t? 2 ?/ ~ 7r(# 2 ) as well. On the other hand, by Lemmas 
16.31 ans l6.4[ we know that there are exactly two elements in (n(8i),r]y) conjugate 
to 7r(6> 2 ). Then get the elements in F 3 which are conjugate to 7r(6 l 2 ) are just those 
elements in t]ker(m\F 3 ) U rf ker(m|^ 3 ). □ 

Proposition 6.4. We have 

jy(5 2 ) = SL(3,F 3 ) 

and 

W{F 3 ) = (SL(2,F 3 ) x P(1,1,F 3 )) x (Hom((F 3 ) 2 , (F 3 ) 2 ). 
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Proof. Since non-identity elements in F 2 are all conjugate to n(9i), so W(F 2 ) acts 
transitively on F 2 — {1}. On the other hand, by the construction of F 2 , we see that 
the stabilizer of W(F{) at tt(F 2 ) is isomorphic to SL(2, F3). Then we have 

W(F 2 ) = SL(3,F 3 ). 

Let K' = ker(m|ir 3 ) = ([(A, A, A)}, \(B, B, B)]. Since all non-identity elements in 
K' are conjuagte to ir(9i), so we have 

K'^(n(9 1 ),[(A,A,A)}). 

Then we get W(K') = SL(2,F3). We have a homomorphism 

p : W(F) — > W(K') x GL(F 3 /K'). 

One can show that 

Imp = SL(2, F 3 ) W(K') x W(K) SL(2, F 3 ) x P(l, 1, F 3 ) 

and 

kerp = Hom(F, K'). 

Then we get 

W(F 3 ) - (SL(2,F 3 ) x P(1,1,F 3 )) x (Hom((F 3 ) 2 , (F 3 ) 2 ). 

□ 

Proposition 6.5. There exist two conjugacy classes of abelian subgroups F of Gq 
satisfying the condition (*) and with < dimF < 6. For any of them them, 
C s (Lie F) is of type 2A 2 or _D 4 . 

Proof. Let F C Gq be an abelian subgroup satisfying the condition (*) and with 
< dimF < 6. Let o = LieF and a = a ®r C C g. By Lemma I3.1[ o is the 
center of a Levi subalgebra of q. Let L = Cg (oo)- Then L is connected and F C L. 
Moreover, we have F = Z(L) , F = F ■ (F n [L, L\) and F' = F n [L, L] C [L, L] 
is a finite abelian subgroup satisfying the condition (*). 

If L s = [L, L] is not simply connected, then [ is of type 2A 2 or 2A 2 + A\. Then 
we have 

L s ^ (SU(3) x SU(3))/((w/,w/)) 

or 

L s ^ (SU(3) x SU(3))/((wi>I)) x Sp(l). 
In the first case, we have 

/0 1 0\ 

where A = diag{l, u, u 2 } and 5=100. The second case is impossible. 

\0 l) 

If L s is simply connected, it can not have a type A factor, so it is of type D A or 
D 5 . In the _D 4 case, we have L s = Spin(8) and — l,eie 2 •••eg £ F'fl Z(L) . Then 
by Proposition 12.161 we have 

F' ~ (-I,eie 2 e 3 e4,e 5 e 6 e7e 8 ,eie2e5e 6 ,eie 3 e5e 7 ). 

By Proposition I2.16[ the case is impossible. □ 
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Let F 4 be an abelian subgroup arsing from the 2A 2 case in the above proof and 
F5 be an abelian subgroup arising from the D 4 case in the above proof. 

6.2. Outer case. 

Lemma 6.6. Let F C G be a finite abelian subgroup satisfying the condition (*) 
and with F (jL Gq. Then for any y G F — F fl Go, we have o(y) = 2, 4, 6 or 8. 

Proof. Since F is abelian and F ^ Go, so the bi-function m on F n Go is trivial. 
Then for any x G F fl Go, by Steinberg 's theorem we have F fl Go C ((Go) z )o- 

Choose a Cartan subalgebra f)o of Uo = e6 and let f) = f)o ®r C C = ee(C). For 
any y e F — F H Gq, without loss of generality we may assume that Ad(y)(f)) = f). 
Then the action of Ad(y) on f)* stabilizing A(g, fj). Let x = y 2 , then we have 
F C ((GoYUy). Let 

z x = (z(((G r)o)v 

Since Z x commutes with FflG and y 2 = x G FflG , so Ad(y) must act as —1 on Z x . 
Otherwise we will have Uq = 0. Since x = y 2 , so we have (Go) 4 ' C (Go) 1 . By Lemma 
12. 91 we have rank(Go) y = 4, so we get rank[iiQ, Uq]^ = 4. Then we have rankfug, Uq] > 
4. The element x is of the form x = x s x z with x s G Z([((Go) x )o, ((Go) x ')o]) and 
x z G Z x . 

From |Osj . we know that q x is one of the following types 
D 4 , A 4 , A 3 + A h 2A 2 , A 2 + 2A h AA h 
D s , As, A 4 + A u A 3 + 2A h 2A 2 + A U 
A 5 + A h 3A 2 . 

When rank[uQ,Ug] = 4, y must act on [Uq,Uq] as an inner automorphism. Then y 
commutes with x s . Since y commutes with x as well, so it also commutes with x z . 
Then we have x 2 = 1. 

When q x is of type A 4 , without loss of generality we may assume that A(g :c , fj) 
has 

{«i, a 3 , a 4 , a 2 } 
as a simple root system. The orthogonal complement of 

span{ai, a 3 , a 4 , a 2 } 

is span{a 6 ,7}, where 

7 = 2ct\ + 4a 3 + 6a 4 + 3a 2 + 5a 5 . 

For the action of Ad(y) on A(g, f)) and f)*, then we see that it acts as identity on 
spanjai, a 3 , a 4 , a 2 } and as —1 on span{a 6 ,7}. Then we have Ad(y)a 5 G" A, which 
is a contradiction. 

When g x is of type A3 + A\, without loss of generality we may assume that 
A(g*, fl) has 

{a 3 ,a 4 ,a 5 } U {(3} 

as a simple root system. The orthogonal complement of span{a3, a 4 , a$, (3} is 
span{7i, 72}, where (3 = a\ + 2a 2 + 20:3 + ?>a 4 + 2as + a§, 

71 = 4«i + 3«3 + 2«4 + «5 
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and 

72 = a 3 + 2a 4 + 3a 5 + 4a 6 . 
For the action of Ad(y) on A(g, f)) and f)*, then it acts as identity on 

span{a3, a 4 , a$, (3} 

and as —1 on span{7i, 72}. Then we see that Ad(y)a\ (jL A, which is a contradiction. 

When q x is of type 2A 2 , without loss of generality we may assume that A(q x , fj) 
has 

{ai, a 3 } U {a 5 , a 6 } 

as a simple root system. The orthogonal complement of span{ai, a 3 , a 5 , a e } is 
span{/3, a 2 }. For the action of Ad(y) on A(g, f)) and f)*, then it acts as identity on 

span{o!i, CK3, CK5, a^} 

and as —1 on span{/3, a 2 }- Then we see that Ad(y)a: 4 G" A, which is a contradiction. 

When q x is of type A 2 + 2 Ax, without loss of generality we may assume that 
A(q x , f,) has 

{a 2 , "4} U {«i} U {«6} 

as a simple root system. The orthogonal complement of span{ai, a 2 , a 4 , olq) is 
span{7 4 ,7 5 }, where 

74 = 3ai + 6a 3 + 4a 4 + 2a 2 

and 

75 = 2a 2 + 4a 4 + 6a 5 + 3a 6 . 

For the action of Ad(y) on A(g, fj) and f)*, then it acts as identity on 

span{o;i, a 2 , a 4 , a^} 

and as —1 on span{7 4 , 75}. Then we see that Ad(y)a 3 £ A, which is a contradiction. 

When g x is of type D A or AAi, we have x 2 = 1. Then we have x 2 = (x s ) 2 (x z ) 2 = 1. 

When rank[ug,ug] = 5, first if g x is of type A 5 or A 4 + Ai, rankfug, u x ] y can not 
be 4, which is a contraction. 

When g^ is of type 2A 2 + A ± , similar as in A 4 case we get a contraction by 
considering the action of Ad(y) on A(g, f)). 

When q x is of type D5, we have 

(G o r = (Spin(10)xU(l))/((c,0). 

Then x = (l,t) for some t G U(l). Therefore x = yxy~ l = x -1 , so x 2 = 1. 

When g 21 is of type A 3 + 2Ai, without loss of generality we may assume that 
A(q x , f)) has a simple system 

{-(3, a 2 , a 4 } U {«i} U {a 6 }. 

Then we have 

(GoT = (SU(4) x Sp(l) x Sp(l) x U(l))/<(<7, -1, 1, <), (/, -1, -1, -I))- 

Then we have x = [(1, 1, (-1)*,*)] for some t G U(l) and k = or 1. If Ad(y) 
stabilizes the two roots (cki, ci^), then we get 

x = yxj/- 1 = (l,l,(-l) fc ,r 1 ) = a;- 1 . 
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So we have x 2 = 1. If Ad(y) permutes the two roots (a±, cue), then we get 

x = yxy- 1 = (1, (-l) fc , 1, r 1 ) = x(l, 1, 1, (-l) fc r 2 ). 

So we have t 2 = ( — l) fc . Then x is a power of xo = (1, 1, Since o(xo) = 4, so 
we have o(x) = 1, 2 or 4. 

When rank[ug, ug] = 6, X is of type A 5 + At or 3A 2 . So we have o(x) = 2 or 

3. * □ 

Remark 6.1. If one applies Steinberg 's theorem to the automorphism Ad(y) on 
G\ = E 6; Lemma WM can be proved in a different way. 

For the involution o~\ G G, we have 

CT- = ((SU(6) x Sp(l))/<(wI,l),(-I,-l)» x (r), 
where r 2 = 1 and 

rdX.ADr-^lJaXCJB)- 1 ^] 
for any X G SU(6) and A G Sp(l). Let 

F 6 = ([( J 3 , l)r], [(diagjA,!, J 1)1; Jx}, i)], [(diag{ J(, J x , /i,i},j)]>. 

Then we have (uo) Fe = 0. So F 6 is a finite abelian subgroup of G satisfying the 
condition (*). 

Lemma 6.7. Let F C G be a finite abelian subgroup satisfying the condition (*) 
and with F <£_ Gq. Then either F contains an outer involution, or F is conjugate 
toF 6 . 



Proof. Suppose F does not contain any outer involution, then by Lemma 16.61 we 
get: for any y G F — F fl G , we have o(y) = 4 or 8. 
When o(y) = 4, let x = y 2 , then x ~ o\ or a 2 . 

When x ~ o~i, without loss of generality we may assume that x — a%. Then we 
have 

F C G^ = ((SU(6) x Sp(l))/<(wJ, 1), (-1, -1))) x (r). 
Since y 2 = x = o~i, so we have y ~ [(J, i)]r or [( J 3 , l)]r. Then we get 

Fc((Sp(3)xU(l))/((-/,-l)))-(y) 

or 

Fc((SO(6)xSp(l))/<(-/,-l)».<y>. 

Here, we use the fact that there exist no elements u G SU(6) such that tut~ x = 
— it. Since the first group has a one-dimensional center, it does not have any finite 
abelian subgroup satisfying the condition (*). For the second group, considering the 
projection to the two components PSO(6) and Sp(l)/ (—1) and applying Proposition 
12.31 we can show that F is conjugate to 

([(J3,l)T],[(diag{/ 14 ,I M ^ JxhiMdiag^Ji, h ;l }, j)]>. 

That is, we have F ~ Fq. Since 

(SO(6) x Sp(l))/((-/,-l)) - (SU(4) x Sp(l))/((zJ,-l)), 



we can prove F ~ Fq by using only Proposition 12.11 as well. 
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When x ~ o"2, without loss of generality we may assume that x = o 2 . Then we 
have 

F C G U2 = ((Spin(lO) x U(l))/((c,i)» x (r), 

where r 2 = 1 and r([x, A]) = [(eiox(eio) -1 , A -1 )] for any x G Spin(lO) and A G U(l). 
Since y 2 = x = a±, we have either y ~ (eie2, l)r or y ~ (eie2e3e4ese6, l)r. Then we 
get 

F C G y = ((Spin(7) x Spin(3))/((-l, -1))) ■ (y>. 

Here we use the fact that there exist no elements it G Spin(lO) such that yuy~ l = cu. 
For the clarity of notation, we will use ex, e 2 , . . . , e 7 and e 8 , e 9 , ei to represent ele- 
ments of Spin(7) and Spin(3) respectively. Let H = (Spin(7) x Spin(3))/ ((—1, — 1)) 
and F' = F fl H . Then F' is an abelian subgroup of H satisfying the condition (*). 

Let tti : Spin(7) — > SO(7) and 7r 2 : Spin(3) — > SO(3) be the natural projection. 
Let px : H — > SO (7) and p 2 : H — > SO (3) be projections of H to its two compo- 
nents. Then px(F'), p 2 (F') are both finite abelian subgroups satisfying the condi- 
tion (*). By Proposition I2.3[ we get that 7rj~ 1 (px(F')) is conjugate to a subgroup of 
(eie 2 ,eie 3 . . . , eie 7 ) and 7r^ 1 (p 2 (-P v )) ~ ( e 8 e 9 ; e s e io)- Without loss of generality we 
may and do assume that px(F') C (eie 2 , eie 3 . . . , eie 7 ) and p 2 ~ 1 (-^ / ) — ( e 8 e 9, e 8 ei ). 
Then we have 

{x 2 :xe F'} C ((7 2 >. 

Since we have y 2 = o<i and we assume that F does not contain any outer involution, 
so F' must be an elementary abelian 2-subgroup. Consider the elements in F' of 
the form z\ = [(ux,eseg)} and Z2 = [(u2,e&exo)] G F'. Without loss of generality we 
may assume that, 

(ux,u 2 ) = (eie 2 ,eie 3 )) 

or 

(ux,u 2 ) = {exe 2 ,e 1 e 3 e 4 e 5 e fi e 7 )). 
Let F" = F' n Spin (7). Then we have F' = F" x (z l7 z 2 }. When 

(ux,u 2 ) = (eie 2 ,eie 3 ), 

for any element ±1 7^ u G F", we have 

it = ±e4e5e6e 7 

or 

(eie 2 e3) _1 M G {±e 4 , ±e 5 , ±e 6 , ±e 7 }. 
Then one can show that 7^ 0. This contradicts the condition (*). When 

(ux,u 2 ) = (eie2,eie 3 e4e 5 e 6 e 7 )), 

for any element ±1 / uG F" , we have u = ±e/ for some 7 C {3,4,5,6,7} with 
|/| = 4. Then one can show that Uq 7^ 0. This contradicts the condition (*). 
When o(y) = 8, let x = y 2 . By the proof of Lemma [6.61 we have 

(G y - (SU(4) x Sp(l) x Sp(l) x U(l))/((z7, -1, 1, <), (7, -1, -1, -1)), 

the action of Ad(y) on g x permutes the two sp(l) factors, and x = [(1, 1, — or 
[(1, 1, —1, —i)]. One can calculate that 

G x = ((SU(4) x Sp(l) x Sp(l) x U(l))/((z7, -1, 1, i), (7, -1, -1, -1))) x (r), 
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where r 2 = 1, 

r[(I I A ) B ) A)]r- 1 ^[(I ) B ) AA- 1 )] 

for any X G SU(4), A, B <E Sp(l) and A G U(l). Let y = [(X, A,B,X)]r, then we 
have 

y 2 = [(X 2 ,AB,BA,l)}. 
Since y 2 = x = [(1, 1, —1, i)] = [(if, —1, —1, 1)], one can show that 

y~(±^/ 1)3 ,-l,l,l)r. 

Then we have dim Z{G V ) = 1. Since F C G y , so F does not satisfy the condition 
(*)• □ 

Proposition 6.6. We have 

W(F 6 ) = N G (F 6 )/C G (F 6 ) = (P(l, 2; F 2 )) x Hom((F 2 ) 3 , (F 2 ) 3 ). 



Proof. Let K = {x G Fq : x 2 = 1}. Then we have K = {x 2 : x G F 6 }. We have a 
homomorphism 

p : W(F 6 ) — ► 

By |Yu] Proposition 6.10, we get W(K) = P(1,2;F 2 ). One can show that p is 
surjective and kerp = Hom(Fs/K, K). Then we get 

W(F)=N G (F)/C G (F) - (P(1,2;F 2 )) x Hom((F 2 ) 3 , (F 2 ) 3 ). 



□ 



Proposition 6.7. There exist six conjugacy classes of finite abelian subgroups of 
G satisfying the condition (*) and containing an outer involution. Four of them 
consist of elementary abelian 2-subgroups. 



Proof. When F contains an element conjugate to a 3} reduces to F 4 case, by Propo- 
sition EIU we get a unique conjugacy class of subgroups isomorphic to (C 2 ) 6 and a 
unique conjugacy class of subgroups isomorphic to (C3) 3 x C 2 . 

When F contains element conjugate to 04, and contains no elements conjugate to 
cr 3 , without loss of generality we may assume that (74 G F. Let F' = F fl Go- Then 
we have F' C (G ) Ui = Sp(4)/(— J) and it satisfies the condition (*). Moreover, 
Fn G contains no elements conjugate to [h^] in Sp(4)/(— I) since we assume that 
F does not contain any element conjugate to <t 3 (cf. |HY] Pages 15-16). We have 
a bi-multiplicative function m! on F' with values in ±1. Let 2k = F'/kerm'. By 
Proposition 12.71 we get 4 = 2 fc_1 so for some so > 1 and k > 1. Then we have 
k = 1,2, 3. When k — 1, we have so = 4 and 



F' ~ ([«/], [j/], diag{-l, -1, 1, 1}, diag{-l, 1, -1, 1}). 
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When k = 3, we have so — 1 and 

(1 \ I 1 \ 

V - 1 / \ 

\ /0 1 \ 
1 
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/I 

-1 



V 



1 
-I J 



\ 



1 

1 0/ 



When k = 2, we have so — 2. Without loss of generality we may assume that 
B F > = {[h,2])- Then we have F C (Sp(4)^)/(-7) = (Sp(2) x Sp(2))/((-7, -/)>. 
Let F[, F' 2 be the images if the projections of F' to the two components Sp(2)/ (—7). 
We must have 



F[~F^([iIl\jI\, 



-1 



1 



Let F" = {x e F'\x 2 = 1}. Since {x 2 \x e F'} C ([7 2i2 ]), so we have F" = F' or 
F'/F" ^ C 2 . When F" = F', we have 



( 1 



V 



\ (i o 

-1 



/ 



V 



\ 

1 
-I J 



/0 1 
1 

V 



\ 

1 

1 oy 



>■ 



When F'/F" = C 2 , we have 
/ 1 

F'~([i7],[j7], 1 _! 

V 



\ /I o 

-1 



- 1 / 



1 



V 



1 
-I J 



\ 



1 
-1 



□ 



In G a:i = F 4 x(<7 3 ), let F 7 and F 8 be finite subgroups isomorphic to (C 3 ) 3 x C 2 
and (C2) 6 respectively as in the above proof. 
In G" 74 = (Sp(4)/(-7)) x ((74), let 



F 9 = ([il], [jl], [diag{-l, -1, 1, 1}], [diag{-l, I, -1, 1}]). 



/ 1 0\ 



F 10 = ([^7],[j'7],[7 2 , 2 ] 



1 
1 



F 11 = ([i7],[ 7 -7],[7 2 , 2 ],[ 



1 



/ 

( 1 
-1 

V 



/1 

-1 



\ fo 1 

1 



1 
-I J 

\ fo 1 

1 



V 



\ 

1 

1 oy 



1 
-1 j 



\ 



\ 
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1 oy 



]) 
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and 



'12 



([il],\jl},[l 2>2 ], 



(1 o 

-1 

V 



i 









1 



/ o 
1 

V 





-1 



\ 

1 



]>■ 



!SL(3,F 3 ), 
2 xP(2,3;F 2 )), 
F 2 ) 4 x ((Hom((F 2 ) 2 , (F 2 ) 2 ) x (GL(2, F 2 ) x GL(2, F 2 ))), 
2) xSp(2;0,l), 

5 



Wrong order in semi direct product??? 
Proposition 6.8. We have 

W(F?) = N G (F 7 )/C G {F 7 ) = 
W(F 8 ) = N G (F 8 )/C G (F 8 ) = (F 2 
W(F 9 ) = N G (F 9 )/C G (F 9 ) 

W(F W ) = N G (F 6 )/C G (F 6 ) = (F 
W(F n ) = N G (F n )/C G (F u ) = (F 2 ) 5 x Sp(l, 1; 0, 1) 
W(F 12 ) = N G (F 12 )/C G (F 12 ) =???, 

Proof. For F7, we note that the action of W(Fj) on Fj must stabilize 0-3, then the 
conclusion follows from 15.21 

For F 8 — Fn, they are elementary abelian 2-subgroups, the description of their 
Weyl groups is given in [Yuj Proposition 6.10. 

For F u , let K = {x G F 12 : x 2 = 1} and z = [I 2}2 \- Then we have {x 2 : x G 
Fu } = (z). The action of W(Fi 2 ) on F\ 2 must stabilize K and z. Then we have a 
group homomorphism 



p : W(F) — > Stab 



W(K) 



X 



One can show that, kerp 
??? 



(F 9 



(a translation on kerm') and p is surjective. 



□ 



Let S C Go be a maximal torus such that 03 acts as a diagram automorphism 
with respect to (Go, S). Let T = (5 ,<J;i )o. Then T is a maximal torus of G°" 3 . By 
Lemma [2.91 any element in G — Gq is conjugate to an element in a^T. 



Lemma 6.8. Let F C G be an abelian subgroup satisfying the condition (*) and 
with F d G 9 . If0< dimF < 4 and F contains an element in a^T, then Lie_F(g>RC 
is the center of a Levi subalgebra of t = f/i(C) = Cq(CY s . 



First, we have a C t C f and 1' C G g (a), so 



Proof. Choose an element x G 03T. Then we have F — (F n Go) ■ (x). Then T is 
a maximal torus of (G x ) by Lemma [2T9l Let a = LieF, a = a ®k C C q and 
[' = C gCT3 (a). We show that a = Z{\! 
a C Z(l'). 

In order to show Z{\!) C a, we just need to show Ad(y)(Z([')) = for any y G F 
since F satisfies the condition (*). It is enough to show Ad(C G (a))(Z(l')) = since 
we have F C Gc(a). Since [' C g°" 3 , so we have Ad(cr 3 )(Z(t')) = 0. Moreover we 
have C G (a) = (0-3) ■ C Go (a) and C Go (a) is connected. Then we just need to show 
that 

[G B (a),Z(l')] = 0. 

Since a C s, so we have 

G B (a) 



J] CX Q . 



a|o=0 
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[s, Z(l')) = is clear since Z(l') C t. 

For any root a with a\ a = 0, when (73(a) = a, we have X a e a/ 3 by the definition 
of <r 3 . Then we get 

X a e C g <r 3 (a) = T. 

So we have [X Q , ^ (I')] = 0. When a 3 (a) 7^ a, we have X a + 0-3 (X a3 ) £ C s <? 3 (a) = I'- 
Then we get 

[X a + a 3 (X aa ),Z(?)] = Q. 
Moreover since Z(V) C t C s and X a3 , a 3 (X a ) are root vectors corresponding to 
different roots, so we get [X a , Z(i')] = 0. This finishes the proof of the lemma. □ 

What we proved in Lemma I6T51 can be viewed as a property of the outer automor- 
phism 03 of Uo = Zq. We may formulate a similar statement for any other compact 
simple Lie algebra Uo and some specific automorphism 9 of it. 

Let (uo, 9) be one of the following pairs 

(su(2n),r Ad(J n )), (so(2n),Ad(J lj2n _ 1 )), (so(8),r), (su(2n + 1), r ). 

Here To = complex conjugation and r is an outer automorphism of order 3 of so (8) 
such so(8) r = 02- Let T be a maximal torus of (Aut(uo) e )o- 

Lemma 6.9. If (uq, 9) is a pair given above and F is an abelian subgroup o/Aut(uo) 
satisfying the condition (*) and with Flnt(uo) = (#,Int(iio)) ; and containing an 
element in 9T . Then a = LieF^ <g> C is the center of a Levi subalgebra of £ = Q e . 

Proof. For the pair (u ,9) = (su(2n), r Ad( J n )), (so(2n), Ad(Ii t2n -i)) or (so(8),r), 
the automorphism 9 is a diagram automorphism with the following property: 

Vet G A, cr 3 (a) = a ^ a(X a ) = X a . 

This property is the essential constituent in the proof for Lemma 16.81 We could 
follow the same proof as there to prove the conclusion in the case of these three 
pairs. 

For the pair (110,6*) = (su(2n + 1),t ), in the proof of Proposition 12.41 we must 
have k = 0. Then we have 

F ~ l so x SO(2) Sl . 

So a = Lie F ®r C is conjuagte to the center of a Levi subalgebra of t = q 9 . On the 
other hand, we have a C t C I = so(2n, C). So Lie F is equal to the center of a Levi 
subalgebra of t = Q 9 . □ 

Let Hi,H 2 , H 3 be the following subgroups of G = Aut(ee), 

E x = ((SU(3) x SU(3) x SU(3))/((w/,w/,w/),(/,w/,w" 1 /))) x (r), 

H 2 = ((SU(6) x Sp(l))/<(wJ, 1), (-/, -1))) x (r), 
^ 3 = ((Spin(10)xU(l))/((c, ? )))x(r), 

where (fu, ) T = su(3) © A(su(3)), (f) 2 ,o) r = sp(3) © sp(l), (() 3 ,o) r = so(9) © 0. The 
root system of the sub-algebra f)[, f)g is the sub-root system A\ + Af , A\ + C 3 , 
B± of F 4 (=the root-system of f 4 (C) = g T ) respectively. 

Assume that ao = Lie F C to is as in the proof of Lemma 16.81 Let 

l = tf\ K = G" 73 = F 4 x (cr 3 ), 

a = o ©r C C g, A = exp(a ), 
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l = C g (a), r' = C t (a), 
L = Cg(oo), L' = CV(a ). 
Then LD G and L' fl K are connected subgorups by Proposition 13. 11 

Lemma 6.10. Let F C G be an abelian subgroup satisfying the condition (*) and 
with F <f_ G . IfO< dimF < 4, then the Levi subalgebra I' = C{(a) of t = f^C) is 
of type B 2 = C 2 , B 3 or C 3 . 

Proof. From the proof of Lemma IBTSl we see that C s ^(a) determines C g (a) in the 
following way: 

Va e A,X a + o- 3 (X a:i ) e C B * 3 (a) <s=> X a e C 3 {a). 

Now [' is a Levi subalgebra of t = f4(C), so its root system is one of the following 

types 

At Af, A\, A§, A\ + Af, B 2 , B 3 , C 3 , A 2 + Af, A s 2 +A[. 
Since each of them is contained in one of 

B 4 ,A^ + Al,A^ + C 3l 

so we have V C L C Hi for some i — 1, 2 or 3. By this, we can determine L from 
the root-system of I' and the subgroup Hi. 
When [' is of type A\, we have L C Hi and 

L = (U(2) x T 3 x T 3 )/((uI,uI,uI), (I, ul, or 1 /)) x (r). 

Let L" = (SU(2) x {T!J(uI))) x (r), where SU(2) C U(2) and T3 = {(XX- 1 ) : 
X G T 3 } C T 3 x T 3 . Then L — L" ■ A. As A C F C L, so F = A ■ (F n L") and 
FC\L" C L" is a finite abelian subgroup satisfying condition (*). As in L", we have 
t(Y,X)t~ 1 = (F.X- 1 ), F G SU(2), X G 7£ so SU(2) is a direct factor of L" . Then 
L" doesn't possess any finite abelian subgroup satisfying condition (*). So [' is not 
of type A\ . 

When [' is of type Af, we have L C i?i and 

L = (T 3 x U(2) x \J(2))/((uI,uI,uI), (I, ul, or 1 /)) x (r). 

Let L" = ((SU(2) x SU(2) x U(l))/((-7, -7, -1), x (r), where 

SU(2) x SU(2) C 1 x U(2) x U(2) 

and 

U(l) = {(MiagfA^A^hdiagfA^A^A 2 }) : A G U(l)} c 1 x U(2) x U(2). 

Then L = L" ■ A. Since A C F C L, so F = A ■ (F n L") and F(~)L" C L" is a finite 
abelian subgroup satisfying the condition (*). In L", we have 

tKX^X^X)^- 1 = i(X 2 ,Xi,\- 1 )} 

for any X 1; X 2 G SU(2) and A G U(l). Then we have Z{L") = ([(I, -I, z')]). Since 
[(/, —J, z)] corresponds to the element [(/, if, z /)] in L, so we have 

Z(L") cAnfc F". 

Any element in t(L") is conjugate to an element of the form [(A, I, l)]r. Without 
loss of generality we assume that some x = [(A, I, l)]r G F". Since 

([(A I, 7 > i)^ -1 = (--*",-*", -0 = (-/,-/,-!)(/, -I,i), 
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so we have 

F" n (L")o C (L' T 
= ((SU(2) x SU(2) x U(l))^^)/((-7, -I, -1), (/, /, W )> 
= (A((SU(2)' 4 ) x (-1)) ■ ([(/, -/, <)]»/<(-/, —I, -1)> 
= SU(2)^x ([(/,-/,<)]>■ 

Since SU(2) j4 = SU(2) or U(l), so it does not have any finite abelian subgroup 
satisfying the condition (*). Then I' can not be of type Af. 
When [' is of type A\ , we have L C Hi and 

L = (SU(3) x T 3 x T 3 )/((uI, ool, ool), (I, ool, or 1 /)) x (r). 

Let L" = ((SU(3) x T^)/((I,ooI))) x (r), where 

T^ = {(X,X- 1 ):XGT3}cT 3 xT3. 

Then we have L = L" • A. Since A C F C I, so we have F = A ■ (F n L") and 
F fl L" C L" is a finite abelian subgroup satisfying the condition (*). Since in L", 
we have 

t(Y,X)t- 1 = {Y,X- 1 ) 

for any F G SU(3) and X G Tg, so SU(3) is a direct factor of L" . Then L" does not 
possess any finite abelian subgroup satisfying the condition (*). Then (' can not be 
of type A\ . 

When [' is of type A§ , we have L C Hi and 

L = (T 3 x SU(3) x SU(3))/((uI,wI,wI), w" 1 /)) x (r). 

Let 

L" = ((SU(3)xSU(3))/((a;/,a;- 1 /)))x(r), 

where SU(3) x SU(3) = 1 x SU(3) x SU(3). Then we have L = L" ■ A. Since 
A C F C L, so F = A • (F n L") and F fl L" C L" is a finite abelian subgroup 
satisfying the condition (*). In L", we have 

r(Xi,X 2 )r- 1 = (X 2 ,Xi) 

for any Xi,X 2 G SU(3). We prove that L" does not possess any finite abelian 
subgroup F" satisfying the condition (*) and with F" <f_ Lq. For the subgroup 

F" n LI C Lq = (SU(3) x SU(3))/((a;/,a;" 1 /)), 

we have a bi-multiplicative map m : F" x F" — > ((ool, w -1 /)) defined by the 
commutator of the preimages of elements of elements in F" fl Lq in SU(3) x SU(3). 
Since F" <f_ Lq, F" is abelian, and 

Ad(r)(a;/,a;- 1 /) = 

(for the lifting action of r on SU(3) x SU(3)), so m must be trivial. When F" 
contains an outer involution, without loss of generality we may assume that r G F" , 
then we have 

F" C L" T = A(SU(3)) x (r). 

This is impossible since SU(3) does not contain any finite abelian subgroup satisfying 
the condition (*). When F" does not contain any outer involution, choosing an 
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element y G F" — F" fl Lq of order > 2, we may assume that y = [(X, I)]r, IgT 3 
and X G" (cj I) . Then we have 

F"nLg C (Lg) w = {[OW] : ^ e su(3),xrx- 1 = Y}. 

Since dim Z((L' ') ?/ ) > 0, so F" does not satisfy the condition (*). Then [' can not 
be of type Af . 

When I' is of type Af + Af, we have L C H 1 and 

L = (U(2) x U(2) x \J(2))/((wI,wI,wI), x (r). 

Let 

L" = (SU(2) x SU(2) x SU(2) x U(1)/((J, -/, -/, -1), (/, /, /, w )» x (r), 
where 

SU(2) x SU(2) x SU(2) C U(2) x x U(2) x U(2) 

and 

U(l) = {(M^A" 1 ^) : A G U(l)} C 1 x U(2) x U(2). 

Then we have L — L" ■ A. Since A C F C L, so F = A ■ (F n L") and FnL"c L" 
is a finite abelian subgroup satisfying the condition (*). In L" , we have 

t(X 1 ,X 2 , X 3 , X)^ 1 = (X U X 3 , X 2 , A" 1 ) 

for any X 1 ,X 2 ,X 3 G SU(2) and A G U(l). So SU(2) is a direct factor of L" . Then 
L" does not possess any finite abelian subgroup satisfying the condition (*). Then 
[' can not be of type A\ + Af . 
When [' is of type A\ + Af, we have L C H 1 and 

L = (SU(3) x U(2) x U(2))/((w/,w/,wJ), (7, w/, a; -1 /)) x (r). 

Let L" = ((SU(3) x SU(2) x SU(2) x U(1)/((J, -J, -J, -1), (J, J, /, w))) x (r), where 

SU(3) x SU(2) x SU(2) C SU(3) x U(2) x U(2) 

and 

U(l) = {(l.A/a.A" 1 ^)}) : A G U(l)} C 1 x U(2) x U(2). 

Then we have L — L" ■ A. Since A C F C L, so F = A ■ (F n L") and FnL"c L" 
is a finite abelian subgroup satisfying the condition (*). In L", we have 

t(X 1 ,X 2 , X 3 , AK 1 = (X U X 3 , X 2 , A" 1 ) 

for any X l G SU(3), X 2 ,X 3 G SU(2) and A G U(l). So SU(3) is a direct factor of 
L". Then L" does not possess any finite abelian subgroup satisfying the condition 
(*). Then {' can not be of type A^ + Af. 
When [' is of type A\ + Af , we have L G Hi and 

L = (U(2) x SU(3) x SU(3))/((w/,w/,o;J), (7, w/, a; -1 /)) x (r). 

Let L" = ((SU(2) x SU(3) x SU(3))/((J, ul, w" 1 /))) x (r), where 

SU(2) x SU(3) x SU(3) C SU(3) x x SU(3) x SU(3). 

Then we have L = L" ■ A. Since A C F C L, so we have F = A ■ (F n L") and 
FnL" C L" is a finite abelian subgroup satisfying the condition (*). In L", we have 

r(X 1 ,X 2 ,X 3 )r- 1 = (X 1 ,X3,X 2 ) 
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for any X l G SU(2) and X 2 ,X 3 G SU(3). So SU(2) is a direct factor of L" . Then 
L" does not possess any finite abelian subgroup satisfying the condition (*). Then 
[' can not be of type A\ + . □ 

Proposition 6.9. There exists a unique conjugacy class of abelian subgroups of 
G satisfying the condition (*) and with F <f_ G when [' is of type B 2 , B 3 or C 3 
respectively. 

Proof. When \! is of type B 2 , we have L C H 2 and 

L = (5(U(4) x U(l) x U(l)) x \J(l)/((uI,u,u,l), (-7,-1,-1,-1)) x (r), 
Let L"= ((SU(4) x U(l))/((-7, -1), (I,wl))) x (r), where 

SU(4) C 5(U(4) x U(l) x U(l)) 

and 

U(l) = {diag{A/ 4 ,A- 2 ,A^ 2 } : A G U(l)} C 5(U(4) x U(l) x U(l). 
Then we have L — L" ■ A. Since A C F C L, so we have 

F = A • (F n L") 

and F" = F n L" C L" is a finite abelian subgroup satisfying the condition (*). In 
L", we have 

r(X,A)r- 1 = (J 2 XJ 2 \\- 1 ) 
for any X G SU(4) and A G U(l). So 

Z(L") = ((il, -i), (I, -1)) c A n L" C F". 
We must have have F" £ (L") . Then for any [(X, A)] G F" fl (L") , we have 

rKX.A^r-^KJa^Ja)- 1 ^- 1 )] 

is conjugate to [(X, A)] or [(— X, — A)] in L". Then we must have A = ±1 or ±i. 
Since [(il,i)} G F", so F" is conjugate to a subgroup of the form 

F>x([(il,i)}) : 

where F 1 C SU(4) x (r). Then we can show that 

F" ~ ([(diag{-l, -1, 1, 1}, 1)], [(diag{-l, 1, -1, 1}, 1)], [(iJ, i)], [(/, -1)], \J 2 ]r). 
When \! is of type B 3 , we have L C H 3 and 

L = ((Spin(2) x Spin(8) x U(l)/((c", c', i), (-1, -1, 1))) x (r), 
where c' = eie 2 • • • e 8 G Spin(8), c" = e 9 e 10 G Spin(2), and 

r[(x,y, A)]r _1 = [(x, e 8 ?/(e 8 ) _1 , A -1 )]. 

Let 

L" = ((Spin(8)xU(l))/((-l,-l)))x(r), 

where 

Spin(8) x U(l) = 1 x Spin(8) x U(l). 

Then we have L = L" ■ A. Since A C F C L, so F = A ■ (F n L") and F" = 
F H L" C L" is a finite abelian subgroup satisfying the condition (*). In L", we 
have t(x, A)r _1 = (esxe^ 1 , A -1 ) for any re G Spin(8) and A G U(l). So we have 

= ((-1, 1), (c', i))cAn L" C F". 
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Modulo 1 x U(l), since L" /I x U(l) = 0(8), by projection we get a finite abelian 
subgroup of 0(8) satisfying the condition (*) and not contained in S0(8). As any 
finite abelian subgroup of 0(8) satisfying the condition (*) is an elementary abelian 
2-group, so the image of above projection contains an element of 0(8) conjugate 
to ii 7 or / 3 5. Then F" contains an element conjugate to some [(1, A)]r or some 
[(e 6 e 7 , A)]t. Since 

[(1, \)\t ~ t, [(e 6 e 7 , A)]r ~ [(e 6 e 7 , l)]r, 
without loss of generality we may assume that r G F" or [(e^e-j, l)]r G F". 
When t & F", we have 

^" ~ ([(-!> 1)], [( c '>0]> r > [(eie 2 e 3 e 4 , 1)], [(eie 2 e 5 e 6 , 1)], [(eie 3 e 5 e 7 , 1)]). 

When [(e 6 e 7 , l)]r G F", we have 

F" ~ ([(-1, 1)], [(c', z)], [(e 6 e 7 , l)]r, [(eie 2 e 3 e 4 , 1)], [(eie 2 e 6 e 7 , 1)], [(eie 3 e 6 e 8 , 1)]). 

Since [(eie 2 e 3 e4e6e 7 , l)]r ~ r, so these two subgroups are conjugate. So we get a 
unique conjugacy class in this case. 

When {' is of type C 3 , we have L C H 2 and 

L = ((SU(6) x U(1)/<( W J, 1), (-/, -1))) x (r). 

Let L" = (SU(6)/(wI» x (r). Then we have L = L" ■ A. Since A C F C L, so 
F = A • (F fl L") and F" = F PI L" C L" is a finite abelian subgroup satisfying the 
condition (*). In L", we have 

for any \/X G SU(6). For the projection of F" to Aut(su(6)), since it comes from 
(SU(6)/(a;/)) x (r), so the bi-function m on the image must be trivial. Then we 
have k = in Proposition 12.111 Then we can show that 

F" ~ ([-/], J 2i4 , / 4> 2, [diag{-l, 1, -1, 1, 1, 1}], [diag{l, 1, -1, 1, -1, 1}], [J 3 ]r>. 

□ 

In # 2 , let 

F 13 = ([(diag{-l, -1, 1, 1}, 1)], [(diag{-l, 1, -1, 1}, 1)], [(zJ, i)], [(/, -1)], [J 2 ]r). 
In F^ 3 , let 

F 14 = ([(-1, 1)], [(c',z')],t, [(eie 2 e 3 e 4 , 1)], [(eie 2 e 5 e 6 , 1)], [(eie 3 e 5 e 7 , 1)]). 
In # 2 , let 

Fis ~ ([-/], / 2 ,4, i4,2, [diag{-l, 1, -1, 1, 1, 1}], [diag{l, 1, -1, 1, -1, 1}], [J 3 ]r). 
???? Better definition ??? F 13 C F^ 3 as well. 

Remark 6.2. TTie proof of \6.9\ indicates that each subgroup F obtained there con- 
tains an outer involution. When F contains an element conjugate to <r 3; reduces to 
F PI Go C F 4; we get a unique conjugacy class of subgroups with dimF = 1, which 
are conjugate to F 14 . 

When F contains an element conjugate to <r 4 and contains no elements conjugate 
to cr 3; reduces to FnGo C Sp(4)/(— I), we get a conjugacy class of dimension 2 and 
a conjugacy classes of dimension 1. The subgroups of dimension 1 are conjugate to 
F15 and the subgroups of dimension 3 are conjugate to Fl 3 . 
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7. E 7 

Let G = Aut(cr) and 7r : E7 — > G be the adjoint homomorphism. Then we have 
ker7r = Z(E 7 ) = (c), where o(c) = 2. 

Lemma 7.1. Let F C G = Aut(cr) be a finite abelian subgroup satisfying then 
condition (*). For any element 1 7^ x G F , 

(1) if o(x) = p is a prime, then p = 2 or 3; 

(2) if o(x) = 3 k , k > 1, then k = 1 and g x is of type A 5 + A 2 . 

Proof. Let 1 7^ x G F be of order prime to 2. Then there exists y G E 7 such that 
7r(j/) = z and o(y) = o(x). Since y 7^ cy, so 

G x = (E 7 )V(c) 

and it is connected by Steinberg 's theorem. Since F C G x ' and F satisfies the 
condition (*), so G x must be semisimple. By [Osj . we have q x is one of the following 
types 

A 7 , D 6 + A u D 4 + 3A U A 5 + A 2 , 2A 3 + A U 7A X . 
Among them, only A^ + A 2 is possible. Then we have 

G* = (SU(6) x SU(3))/((-/, /), (ul, a;- 1 /)). 

So we get o(x) = 3. □ 

Proposition 7.1. There exists a unique conjugacy class of finite abelian subgroups 
of G satisfying the condition (*) and being not 2-groups. They are isomorphic to 
(C 3 ) 3 x {C 2 f. 

Proof. Choose l/iSf with order o(x) prime to 2. By the proof of Lemma 17.11 
we get 

F C G x = (SU(6) x SU(3))/((-/,/),(a;/,a;- 1 /)). 
For any two elements [(A l5 Yi)], [(X 2 , Y 2 )] G F, we have 

[X U X 2 ] = XI and [Y h Y 2 ] = \ 2 I 

for some A G (e^r). Let Fi C PU(6), F 2 C PU(3) be images of the projections of 
F to the two components. Then we have 

F a ~([4,],[fl 6 ]> 

and 

F 2 ~([A3],[B 3 ]), 

where 

27T1 47Tt 

A 3 = diag{l,e 3 ,e 3 }, 



1 

B:>, J 1 

1 



TVi 3TVi 1 1 7T i - 



A 6 = diagje 12 " , e~ , . . . , e~ } 
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Then we get F ~ ([(A 6 , A 3 )}, [(B 6 ,B 3 )}, [(i>/)]). □ 

In (SU(6) x SU(3))/((- J, I), C G, let 

F l = ([(A 6 ,A 3 )\, [(B 6 ,B 3 )], [I, col}). 

Proposition 7.2. We have 

W(F X ) = N G {F 1 )/C G {F 1 ) = SL(3,F 3 ) x SL(2,F 2 ). 

Proof. Let S 2 and S 3 be Sylow 2- and Sylow 3-subgroup of F x respectively. Then 
we have a homomorphism 

W{F X ) — > W(S 2 ) x W{S 3 ). 

Since elemeents of order 3 in F x are conjugate to each other, so W(F) acts tran- 
sitively on them. On the other hand, from the construction of F x , we see that the 
stabilizer of W(Fi) at the an element of order 3 is isomorphic to 

SL(2,Z/6Z) = SL(2,F 3 ) x SL(2,F 2 ). 

Then we get 

W(F X ) = N G (Fi)/C G (Fi) = SL(3,F 3 ) x SL(2,F 2 ). 

□ 

Proposition 7.3. There exist 6 conjugacy classes of finite abelian 2-subgroups of 
G satisfying the condition (*) and containing an element conjugate to cr 2 . 

Proof. Let F be afinite abelian 2-subgroup of G satisfying the condition (*) and 
containing an element conjugate to <r 2 . Without losss of generality we may assume 
that o~2 £ F. Then we have 

FcG^((E 6 xU(l))/((c',eT))),( u ). 
We must have F (jL (G a2 ) and F is conjugate to a subgroup of the form 

F = F'x([(l,-l)]> 

for some F' C Eq x (u) and F' <£_ E$. Then the image of F' under the projection 
to Aut(ee) is a finite abelian 2-subgroup satisfying the condition (*). By Lemma 
16.71 and Proposition 16 .7\ we get 6 conjugacy classes of F', corresponding to the 
subgroups F e , F$, Fg, F w , F xx , F X2 there. Then we get 6 conjugacy classes of F. □ 

In 

G^((E 6 xU(l))/((c' )e T))),( w }, 

where cr 2 = [(1,-1)], let i : E 6 x(cj) C G" 2 be the natural inclusion and n : 
E 6 x(o;) — > Aut(cg) be the adjoint homomorphism. For a finite abelian 2-subgroup 
K of Aut(e 6 ) with K <£ Int(e 6 ), let F be a Sylow 2-subgroup ^^(K)) x (er 2 ). Then 
F C G satisfies the condition (*) if and only if K C Aut(ce) satisfies the condition 
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(*). Choosing K as the finite abelian 2-subgroups F e , F 8 , Fg, F w , Fu, F 42 of 
Aut(ee), let F 2 , F 3 , F 4 , F 5 , F 6 , F 7 be finite abelian 2-subgroups of G obtained in 
this way. We have 

\F 2 \ = 2 7 , \F 3 \ = 2 7 , |F 4 | = 2 6 , |F 5 | = 2 8 , |F 6 | = 2 7 , |F 7 | = 2 7 . 

Among them, F 3 , F 4 , F 5 , F e are elementary abelian 2-subgroups and F 2 , F 7 have 
exponent 4. Moreover, we have rank{s G F 2 : x 2 = 1} = 4 and rank{x G -F7 : x 2 = 
1} = 6. 

Proposition 7.4. VFe /jai>e 
W(F 2 ) = N G (F 2 )/C G (F 2 ) = Hom((F 2 ) 3 , (F 2 ) 3 ) x (Hom(F 2 ) 2 , (F 2 ) 2 ) x SL(2,F 2 )), 

W(F 3 ) = N G (F 3 )/C G (F 3 ) = Hom((F 2 ) 2 , (F 2 ) 2 ) x (GL(2,F 2 ) x P(2,3,F 2 )), 
W(F 4 ) = N G (F 4 )/C G (F 4 ) - ((F 2 ) 5 x Hom((F 2 ) 3 , (F 2 ) 2 )) x (GL(2,F 2 ) x Sp(l), 
W(F 5 ) = N G (F 5 )/C G (F 5 ) = (F 2 ) 7 x Sp(3)), 
W(F 6 ) = N G (F 6 )/C G (F 6 ) - ((F 2 ) 6 x Hom((F 2 ) 5 ,F 2 )) x Sp(2), 
W{F 7 ) = N G {F 7 )/C G {F 7 )?m. 

Proof. The abelian subgroups F 3 , F 4 , F 5 , F 6 are elementary abelian 2-subgroups. 
The description of their Weyl groups is given in [Yuj Proposition 7.26. 

For F 2 , let Ki = {x G F 2 : x 2 = 1} and K 2 = {x 2 : x G F 2 }. Then we have 
K 2 C Ki and 

rank^ = 4, rankfC 2 = 3. 

Moreover, K 2 is a pure o\ subgroup and it contains a unique Klein four subgroup 
conjugate to T 2 (cf. |Yu] Section 7). Let K 3 be this Klein four subgroup of K 2 . Then, 
W(F 2 ) stabilizes K\, K 2 and K 3 . We note that, elements in a 2 K 3 are conjuagte to 
cr 2 and elements in cr 2 i^ 2 — cr 2 K 3 ) are conjuagte to a 3 . Moreover, we note that, for 
an w G W(F 2 ), if w\k 1 = id, then G K 2 for any x G F 2 . We can prove this 

by condiering the preimage of F 2 in E 7 . Then we have an injective homomorphism 

W(F 2 ) — > Rom{F 2 /K 1 , K 2 ) x (Hom^/^, K 3 ) x GL{K 3 )). 

We can show that this homomorphism is an isomorphism. Then we get 

W(F 2 ) = N G (F 2 )/C G (F 2 ) = Hom((F 2 ) 3 , (F 2 ) 3 ) x (Hom(F 2 ) 2 , (F 2 ) 2 ) x SL(2,F 2 )). 

The description of W(F 7 ) is a bit more complicated. □ 

Proposition 7.5. There exist 4 conjugacy classes of finite abelian 2-subgroups of 
G satisfying the condition {*), containing an element conjugate to a 3 and without 
elements conjugate to o~ 2 . 

Proof. When F contains an element conjugate to o~ 3 and without elements conjugate 
to o~ 2 , without loss of generality we may assume that a 3 G F . Then we have 

F C G a ' A = (SU(8)/(iO) x (u), 

where a 3 = [^1], u 2 = 1 and 5u(8) a; = f 4 . 

Since F does not contain elements conjugate to a 2 , so any element of F is not 
conjugate to [I 2 fi] or uj in (SU(8)/(i/)) x (cj) (cf. |HY] Page 16). Now we separate 
the discussion according to F C (G" 73 )o or not. 
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If F C (G a3 ) (SU(8)/(1T)), by Proposition Owe get 

F ~ ((7 3 , [A 4 ], [54], [diagi/x,!, Ix,!, I M }], [diag{ J(, J{, J(, J(}]} 

or 

i 71 ~ (0-3, [i4,4], [4]; [diag{/ 2 ,2, ^2,2}], [diag{ J 2 , </ 2 }], [diag{J a) i, Ji,i, 
[diag{Ji, J(, J{, J(}]). 

Here 

Ai = diag{/ 2 , -^2, -ih) 

and 

/ 2 J 2 2 2 \ 
o 2 2 J 2 2 

4 o 2 o 2 o 2 i 2 • 
\ h o 2 2 2 / 

If F C (G" 73 )^ projecting F to Aut(su(8)), we get a finite abelian 2-subgroup F' 
of Aut(su(8)) satisfying the condition (*). By Proposition 12. 11| we get an equation 
8 = 2 k ■ sq. Using Lemma 12. 12[ we get a finite abelian 2-subgroup F" of 

(SU(8)/(-/» x (a/) 

with [if] G F". 

When k = 0, since any element of F — (cr 2 ) is not conjugate to [J 2j6 ] orw, so we 
get 

F ~ (<7 3 , [I 4A ], [diag{-J 2 , J 2 , -/ 2 , / 2 }], [diag{-l, 1, -1, 1, -1, 1, -1, 1}], [J 4 }u). 
When k = 1, we have So = 4 and may assume that 

= (M, [diag{(l, 1, -1, -1, 1, 1, -1, -1)}]). 
Choose x,y E F" n SU(8)/(-J) such that 

F'nSU(8)/(-/) = (a;,y,7r- 1 ( J B F 0). 

Then the image of the projection of (x, y) to each component U(2) / (— I) is conjuagte 
to one of the following pairs 

(h,i,Ji), (h,i,Ji), (Ji,h,i), (Ui,i,iJ[). 

Conisdering the determant, we get three possibilities of the numbers of different 
pairs: 4 = 4 + + + = 2 + 2 + + = 1 + 1 + 1 + 1 + 1. Then we have 

F ~ (cr 3 , [J 4 ]u, [h A ], [diag{l, 1, -1, -1, 1, 1, -1, -1}], [diag{/i,i, h,i, h,i}}, 
[diag{J(, J[, J{, J[}]), 

(o- 3 , [Ja]w, [4,4], [diag{l, 1, -1, -1, 1, 1, -1, -1}], [diag{/i,i, I 1>h I hU h A }}, 
[diag{^, J^J^Ji}]) 

or 

(o- 3 , [diag{/ 6 , Ji}][J 4 ]w, [24,4], [diag{l, 1, -1, -1, 1, 1, -1, -1}], 

[diagj/i,!, Ji,!, Ji, zii,i}], [diag{ J(, Ji, iJ[}]). 

The first one is impossible since the subgroup contains an element conjugate to u. 
The last one is impossible since the subgroup contains an element conjugate to [h^]- 
Then only the second one is left. 
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When k = 2, by the discusion after Proposition I2.12[ we get some (m,/ii,yU 2 ). 
If fi\ = /i 2 , then F is an elementary abelian 2-subgroup and contains an element 
conjugate to lo. If fi\ ^ // 2 , one can show that, F must contain an element conjugate 
to u as well. This contradicts F does not contain any element conjugate to o~ 2 . 

When k = 3, F is an elementary abelian 2-subgroup and contains an element 
conjugate to u. This contradicts F does not contain any element conjugate to 

C7 2 . □ 



In 

let 



G°> = (SU(8)/(i/» x (w), 



Fs = (a 3 , [A 4 ], [5 4 ], [diag{/i,i, Ji,i, Ji,i, Ji,i}], [diag{ J(, J(, J(, ■/{}]), 

*9 = (o"3, [^4,4], [J4], [diag{J 2 , 2 , 1 2) 2}], [diag{ J2, J 2 }], [diag^i, J 1>x , J lfl , J^}], 
[diag{J(,J(,J(,J(}]>. 

F10 = [14,4], [diag{-/ 2 , J 2 , -J 2 , J 2 }], [diag{-l, 1, -1, 1, -1, 1, -1, 1}], [J 4 ]w) 
and 

^11 = (o" 3 , [Jjw, [14,4], [diag{l, 1, -1, -1, 1, 1, -1, -1}], [diag{Ii,i, I ltl , I 1>h I ltl }], 
[diag{J{, J{,Ji,Ja}]}. 

Proposition 7.6. VFe /iave 

w(f 8 ) =??? 

and 

W(F 9 ) = Hom(F 2 , (F 2 ) 6 ) x Sp(3,F 2 ). 
W{F W ) * Hom((F 2 ) 2 , (F 2 ) 3 ) x (GL(3, (F 2 )) x GL(2, (F) 2 )) 

and 

W(F U ) =???. 

Proof. Fg, F\o are elementary abelian 2-subgroups, correspond to Fq 3 and F% in |Yu] 
Section 3. By |Yuj Proposition 7.26, we get 

W(F g ) = Hom(F 2 , (F 2 ) 6 ) x Sp(3,F 2 ) 

and 

W(F W ) = Hom((F 2 ) 2 , (F 2 ) 3 ) x (GL(3, (F 2 )) x GL(2, (F) 2 )). 
For F s , ??? 

For Fil, we note that {x G F g : x 2 = 1} = F 8 and {x 2 : x G F 9 } = ([14,4]). Then 
??? □ 

Recall from [HYj . Tx is a Klein four subgroup of G with non-identity elements all 
conjugate to a\. By |HY] Table 6, we have 

G ri = ((SU(6) x U(l) x U(l))/((e¥j, 1), (-/, 1, 1))) x (z), 
where r a = ([(I, -1, 1)], [(I, 1, -1)]) z 2 = 1 and 

Ad(z)[(X,X 1 ,X 2 )} = [(J 3 XJ^,\^,\^)}. 

Lemma 7.2. Let F C G be a finite abelian 2-subgroup satisfying the condition (*) 
an without any element conjugate to cr 2 or 03. Then F does not contain any Klein 
four subgroup conjugate to T\. 
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Proof. Suppose the converse holds, we may assume that T\ C F, then we have 

F c G ri = ((SU(6) x U(l) x U(l))/((e¥j, e =^ , 1), (-/, 1, 1))) x (z). 
Then we have F <f_ (G ri )o and F is conjugate to a subgroup of the form 

F' x Ti 

for some T x C (SU(6)/(-/)) x (z). 

Applying the discussion after Proposition 12. 12} we get an equation 6 = 2 k ■ s 
for the image of the projection of F' to Aut(su(6)). When k = 0, the image is an 
elementary abelian 2-subgroup. In this case, we have 

F' ~ (J 2 , 4 , h,2, diag{-l, 1, -1, 1, 1, 1}, diag{-l, 1, 1, 1, -1, 1}, [J 3 ]z). 

Then F' contains an element conjugate to [J 3 \z. When k — 1, we have sq = 3. 
Considering determinant, we get two possibilities 3 = 3 + + + = + 1 + 1 + 1. 
For the case of 3 = 3 + + + 0, one can show that F' contains an element conjugate 
to [ J3] . For the case of 3 = + 1 + 1 + 1, F one can show that F' contains an element 
conjugate to [J 3 ]z. Then F contains always an element conjugate to [( J3, 1, 1)] or 

Since [( J 3 , 1, 1)] is conjugate to [(11,1)] in G ai and [(J 3 , l,l)]z is conjugate to 
[(eie 2 • • • e 6 , i)] in G ai . By [HY] Page 16, we see 

[(n,l)],[( ei e 2 ---e 6 ,i)] 

are conjugate to 0*3 in G. This contradicts the assumption that F contains no 
elements conjugate to <j 2 or cr 3 . □ 

Lemma 7.3. Let F C G be a finite abelian 2-subgroup satisfying the condition (*) 
an without any element conjugate to 02 or 0-3. Then for any x G F, we have x 4 = 1. 

Proof. Suppose the conclusion does not hold, then F contains an element x of order 
8. We have o(x 4 ) = 2, so x 4 ~ o\. Without loss of generality we may assume that 
x 4 = o\. Then we have 

FcG^ = (Spin(12) x Sp(l))/((-c, -1), (c, 1)). 

Choosing an x' G E 7 such that ir(x') = x, then we have 

n-\G x ) = {y eE 7 : yx'y-'x" 1 e (c)}. 

Then we get n^ 1 (G x ) C (E 7 ) x ' 2 since o(c) = 2. Then we have 

Fc(G- 2 ) = (Ef)/(c>. 

Since F satisfies the condition (*), so (G x2 )o must be semisimple. Then we must 
have x 2 ~ (e^ese^eQ, 1) since the other possible (eie2,l), (±ei5ei,l), (-,i) all 
lead to non-semisimple centralizers. Here 

_ 1 + eie 2 1 + e n e 12 

V2 " V2 

We may an do assume that x 2 = {e^e^e^eQ, 1). Then we have 

F c {G x \ - (SU(4) x SU(4) x Sp(l))/((i/, il, 1), (/, -/, -1)). 
Let x = [xi,x 2 ,x 3 ] G (G x ) . Then we have 

(xj, x 2 2 , x 2 3 ) = (±z/,±/,±l) or (±7,±z/,±l). 
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Without loss of generality, we may assume that 

(xlxlxl) = (±zl, ±/,±l). 

Then we get 

So we have x\ ^ ±ix± and x\ ^ —X\. Then the image of the projection of G x = 
((G x )o) x to the first SU(4) is isomorphic to 

5(U(3)xU(l))/(il). 

Then we get dim Z(G X ) > 0. This contradicts that F satisfies the condition (*). □ 

Proposition 7.7. There exists a unique conjugacy of finite abelian 2-subgroups of 
G satisfying the condition (*) an without any element conjugate to o 2 or 0-3. 

Proof. Without loss of generality we may assume that o\ G F, then we have 

F C G ai = (Spin(12) x Sp(l))/((-c, -1), (c, 1)). 

By Lemmas 17.21 and 17.31 for any x G F we have 2 4 = 1; and any Klein four 
subgroup of F is conjugate to T 2 . Let 

A x = {x G F : x 2 = 1} 

and 

A 2 = {x 2 \x G F} C A x . 
Then we have an exact sequence 

1 — > Ax — > F — > A 2 — > 1, 

where the map F — > A 2 is x 1— > x 2 . Let T\ = rankAj, % = 1,2. Since any Klein 
four subgroup of Ax is conjugate to T 2 , so we have r 2 < r x < 3 (cf. |Yu] ) . 

When rx = 1, F is a cyclic group, so we have 7^ 0. 

When n = 2 and r 2 < 1, without loss of generality we may assume that 

F=(<T U X) 

with o(x) = 2 or 4. Since (uo 1 )^ ^ 0, so < ^ 0. 

When rx = r 2 = 2, we have F = (xx) x (x 2 ) with o(xi) = o(x 2 ) = 4. Without 
loss of generality we may assume that x\ = o~x an d x \ — [{^i^2^3^4, 1)] G C7 " 1 . Then 
we have 

(G^Ke^W)] ^ (Spin(4) x Spin(8) x S p(l))/((-l,-l,l),(l,-l,-l),( C ",cM)), 
where 

c" = e!e 2 e3e4 G Spin(4) 

and 

c = e 5 e 6 • • • exx&x2 G Spin(8). 
The images of the projections of Xx,x 2 to the second component give a Klein four 
subgroup of Spin(8)/(c', -1) ^ SO(8)/(-J). One can show that so(8) Xl > X2 ^ 0, so 
u F + 0. 

When T\ — 3 and r 2 < 1, without loss of generality we may assume that 

F = (ax, (eieie 3 e 4 , 1)) x (x) 
with o(x) = 2 or 4. Similar as (ri, r 2 ) = (2, 2) case one can show that Uq 7^ 0. 
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When (t~i, r 2 ) = (3, 2), we may assume that 

At = (<n, [(eie 2 e 3 e 4 , 1)], [(e 5 e 6 e 7 e 8 , 1)]) 



and 
where 



F = (o-i) x (xi) x (x 2 ), 
((xi) 2 , (x 2 ) 2 ) = ([(eie 2 e 3 e 4 , 1)], [(e 5 e 6 e 7 e 8 , 1)]). 



Then we have 

F C (G ai ) l{eie2e3e4 > m{eie2e3e4 >^ = (Spin(4) x Spin(4) x Spin(4) x Sp(l))/(- ••)• 

Let Xi = [(xi^x^x^yi)], E Spin(4), y { E Sp(l), i = 1,2. Since = 0, we may 
assume that (2/1,2/2) = (i,j)- Since 

((xi) 2 , (x 2 ) 2 ) = ([(eie 2 e 3 e 4 , 1)], [(e 5 e 6 e 7 e 8 , 1)]), 

so there exists j = 1, 2, 3 such that 

(xi p x 2 2j ) = (±l,±c") or (4,4) = (±l,±c"). 

The actions of x^x^- on the j-th component gives a Klein four subgroup of 
SO(4)/(-J). One can show that so(4)^'^ ^ 0. So we have u£ ^ 0. 

When (ri,r 2 ) = (3,3), considering the covering tt : E 7 — > G, for any x,y E F, 
we define 

m(x,y) = [x',y'] G (c) 

for x' G tt _1 (x) and j/' G tt _1 (j/). It is clear that m is bi-multiplicative. Since G x 
is connected for any x G Ax, so we have Ax C kerm. Since F/kerm must be an 
elementary abelian 2-group of even rank, so we have kerm 7^ A\. Then there exists 
x G F such that o(x) = 4 and F C (G^V Without loss of generality we may 
assume that x 2 = o\ . In the proof of Lemma 17.21 we already showed that 

x~ [(eie 2 ---e 6 ,l)] E G a \ 

We may assume that x = [(eie 2 ■ • • e 6 , 1)]. Then we have 

F C (G*) = (SU(4) x SU(4) x Sp(l))/<(il, il, 1), (1, -1, -1)), 

where x = (zJ, 1, 1). Then we have 

F ~ ([(A 4 , A 4 , i)], [(B 4 , BJ 1 , j)], [(il, J, 1)]), 



where 



and 



1 + i 

A 4 = —j=- diagjl, z, -1, -1} 



4 " 



/ 1 \ 
0010 
0001 
\ 1 j 



□ 



Ill 

define 
where 

and 
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FcG^ = (Spin(12) x Sp(l))/((-c, -1), (c, 1)), 

Fio = [(Si, i], [(S 2 , j)], [(eie2e 3 e4e 5 e 6 , 1)]}, 
1 + eie 2 1 + e 7 e 8 

= — 7f — 6566 — 71 — 611612 

1 + e 3 e 5 e 4 + e 6 1 + e 9 en ei - ei 2 

Proposition 7.8. We have 

W(F W ) = Hom((F 2 ) 3 , (F 2 ) 3 ) x P(2, 1; F 2 ). 

Proof. Let K = {x 2 : x G -Fio} and if' = {x 2 : x G kerm C -Fio}- By the proof of 
Proposition 17.71 we see that K = {x G F w : x 2 } — 1, K' C K and 

rankK = 3, ranki^' = 1. 

The action of W(F) stabilizes K, so we have a homomorphism 

p : W(F) — ► W(K). 

Since the action of W(F) stabilizes K' as well, we the image of the map p is 
Stab^/an (K 1 ) = P(2, 1;F 2 ). Moreover we can prove that kerp = Hom(F 10 /iC, K). 
Then we get 

W(F W ) = Hom((F 2 ) 3 , (F 2 ) 3 ) X P(2, 1; F 2 ). 

□ 

Let F C G be an abelian subgroup satisfying the condition (*). Let do = LieF 
and a = a ®k C C g. By Lemma 13.11 we get that a is a Levi subalgebra of g. 
We have F C Cg(oo) and Cc(cio) is connected. Let H = Cg(oo). Then we have 
H = Z(H) H S , where H s = [H, H}. Moreover we have {Z(H)) C F and 

F' = F f] H s C H s 

also satisfies the condition (*). Let H' = Ce 7 (oo). Then we have H' = Z(H') H' S . 
It is clear that tt(H' s ) = H s . So we have 

H a *H' s /(H' s n(c)). 

Lemma 7.4. H s may contain a finite abelian subgroup satisfying the condition (*) 
only if C g (a) is of type 3A 1} D 4; D4 + A 1} D 5 + A\, D Q or E 6 . 

Proof. Let F C H s be a finite abelian subgroup satisfying the condition (*). By 
Lemma [3. 11 we know that H' s is simply connected. Since 

H s = H'J(H' s n(c)) : 

so H s is not simply connected if and only if c G H' s . Let X = {ax, ■ ■ ■ ,07} be 
the set of simple roots of g. Since C g (a) is a Levi subalgebra of g, we can find a 
subset Y C X, which is a set of simple roots of C (a). Then c G iJ^ if and only if 
ct 2 , c*5, 07 G y. Here we recall that c = exp (717 H2+H ^ +H 7 ) ) _ 
When c £ H' s , H' s is one of the following types 

3Ai, 4Ai, j4 3 + 4i, 
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A 2 + 3A U A 5 , A 3 + 2A t , D 4 + A u 
D 6 , A 5 + A u A 3 + A 2 + A 1 , D 5 + A v 

For the case of 

A 2 + 3A!, A 5 , A 3 + A 2 + A x , 

the group SU(3) or SU(6)/(— I) does not have any finite subgroup satisfying the 
condition (*), so H s does not have any finite subgroup satisfying the condition (*). 
In the cases of 

4Ai, A 3 + 2A U A 5 + A 1: 

SU(2) is a direct factor of H s , so H s does not have any finite subgroup satisfying 
the condition (*). 

In the case of A 3 + A\ , we have 

F s ^(SU(4)xSp(l))/((-/,-l)). 

Projecting to SU(4)/(— I), the image must be conjugate to (H 2 ) 2 . Projecting to 
Sp(l)/(— 1), the image must be conjugate to Then the two bi-multiplicative 

functions m can not be consistent. 

When c G" H' s , H s is simply connected. It can not contain a type A factor, so it is 
of type D^, D 5 or E e . Moreover, the D 5 case is impossible by Proposition 12. 161 □ 

Proposition 7.9. When C g (a) is of type 

3Ai, D 4 , D± + Ai, D 5 + A 1: D 6 , E 6 , 

there exist 1,1,1,1,3,1 conjugacy classes of abelian subgroups of G satisfying the 
condition (*) respectively. 

Proof. When C g (a) is of type 3A U we have H s = (Sp(l) 3 )/((-l, -1, -1)). Then we 

F'~([(i,i,i)],[(j,j,j)]). 

When C s (a) is of type D4, we have H s = Spin(8) and —1, c G F' . Then we have 

F' ~ (-1, e^e^, e^e^Q, e 5 e 6 e 7 e 8 , exe^er) . 

When C g (a) is of type D4 + A\, we have 

H s (Spin(8) x Sp(l))/<(-l, -1)} 

and [(— 1, 1)], [(c, 1)] G F'. Let F[ : F 2 be the images of the projections of F' to 
Spin(8)/( — 1) = SO(8) and Sp(l)/(— 1) respectively. F[ must be diagonalizable. 
We may and do assume that F{ is contained in thee subgroup of SO (8) of diagonal 
matrices. Without loss of generality we may assume that F' 2 = Let mi,m 2 

be the bi-multiplicative functions on F^F^ defined by the projections Spin(8) — > 
SO(8) and Sp(l) — > Sp(l)/(— 1). Since rank^F^/ kerm 2 ) = 2, so we have 

rank(F 1 '/ ker mi) = 2. 

ker mi can not contain any element conjugate to I 2 ^, since otherwise we have so(2) C 
u^. Then, we may and do assume that ker mi equals one of 

(/ 4 ,4,diag{-l, -1,1, 1,-1, -1,1,1}), 
(J 4 ,4, diag{-l, -1, 1, 1, -1, -1, 1, 1}, diag{-l, 1, -1, 1, -1, 1, -1, 1}). 
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In the first case, we have so(8) Fl 7^ and rank(F 1 '/ker mi) = 2 can not both hold. 
In third case, we must have F[ = ker mi. Then rank(F 1 / / ker mi) 7^ 2. In the second 
case, we have 

F' ~ ([(-1, 1)], [(c, 1)], [(eie 2 e 3 e 4 , 1)], [(eie 2 e 5 e 6 , 1)], [(eie 3 e 5 e 7 , i)], [(eie 2 e 5 e 8 , j)]). 

When C g (a) is of type D 5 + Ai, we have 

tf s -(Spin(10)xSp(l))/((-l,-l)> 

and [(c, 1)] G F' . Let F[, F ! 2 be the images of the projections of F[, F' 2 to 

Spin(10)/(-l) SO(10) 

and Sp(l)/ (—1) respectively. F[ must be diagonalizable, we may assume that F[ is 
contained in the subgroup of diagonal matrices in SO(10). Without loss of generality 
we may assume that 

K = (i, j). 

Let mi,m2 be the bi-multiplicative functions on F[,F 2 defined by the projections 
Spin(lO) — > SO(10) and Sp(l) — >■ Sp(l)/(-l). Since rank^/ ker m 2 ) = 2, so 
we have rank(F 1 '/ker mi) = 2. Moreover, ker mi does not contain any element 
conjugate to l 2i8 , since otherwise we have so(2) C Uq. Then, we may assume that 
ker mi equals one of 

(h,e), 

(14,6, diag{-l, -1, 1, 1, -1, -1, 1, 1, 1,1}), 

(1 4>6 , diag{-l, -1, 1, 1, -1, -1, 1, 1, 1, 1}, diag{-l, 1, -1, 1, -1, 1, -1, 1, 1, 1}). 

In the first and second cases, so(10) Fl 7^ and rank(F 1 '/ ker mi) = 2 can not both 
hold. In the third case, one can show that F 1 is conjugate to 

([(-!, !)]> [( c > 1)], [(eie 2 e 3 e 4 , 1)], [(eie 2 e 5 e 6 , 1)], [(eie 3 e 5 e 7 , 1)], [(e 8 e 9 , i)], [(e 8 e 10 , j)]). 

When C s {a) is of type D 6 , we have H s = Spin(12)/(c) and -1 G F'. By Propo- 
sition 12.191 we get three conjugacy classes. 

When C g (a) is of type E 6 , we have H s = E 6 and Z(E 6 ) G F'. By Propositions 16. II 
and I6.3[ we get a unique conjugacy class, which consists of subgroups isomorphic 
to(C7 3 ) 4 . □ 

8. E 8 

Let G = Aut(eg). It is connected and simply connected. 

Lemma 8.1. Let F C G = Aut(e§) be a finite abelian subgroup satisfying the 
condition {*). If \F\ has a prime factor p > 5, then \F\ = 5 3 and there exists a 
unique conjugacy class of such F. 

Proof. Choose an element x G F with o(x) = p > 5. Then we have F C G x and 
G x is connected. Since Uq = 0, G x must be semisimple. Since we assume that 
x G Z(G X ) be of order o(x) = p > 5, by |Usj g x must be of type 2v4 4 . Then we have 

C7^ = (SU(5)xSU(5))/((o; 5 l,u; 5 2 l)). 

Then we get 

F ~ {[(u 5 I,I)},[A 5 ,B 5 },[A 5 ,Bl}). 

□ 
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Let F\ be a finite abelian subgroup isomorphic to (C5) 3 as in the above proof. 

Proposition 8.1. We have 

W{F{) = NaiFj/CaiFj = SL(3,F 5 ). 

Proof. □ 

Proposition 8.2. Let F C G = Aut(eg) be a finite abelian subgroup satisfying the 
condition (*). If \F\ = 3 a 2 b with a > 1, then we have \F\ = 243 or 216, and there 
exists a unique conjugacy class in each case. 

Proof. Choosing an element x 6 F with o(x) = 3, then we have F C G x and 
G x is connected. Then G x must be semisimple since Uq = 0. As we assume that 
x G Z{G X ) is of order o{x) = 3, by |Os] g x must be of of type A 8 or Eq + A 2 . Here 
we note that, we have A 5 + A 2 + Ai,4A 2 C E e + A 2 and these two are not root 
systems of subalgebras of the form q x for an element x of order 3. Then we have 

G x = SU(9)/(w/> 

or 

(E 6 xSU(3))/((c, W /)). 

In these two cases, we have 

27T? 

x~0 1 =e X p( — (H[ + H' 2 - H' 3 )) 

and 

27T? 

x~£ 2 = exp( — (H[-H' 3 ) 

respectively. 

In the first case, we have 

F ~ (M, [A' 3 ], [S 3 ], [diag{A 3 , A 3 , A 3 }], [diag{S 3 , S3, S3}]), 
which has order 3 5 . Here 

A 3 = diag{l,w,w 2 }, 
A 3 = diag{/ 3 ,w/ 3 ,u; 2 /3}, 

1 
B 3 = I 1 

1 

3 h 3 
S 3 = ( 3 3 h 
h 3 3 

In the second case, by Propositions 16.11 and 16. 3[ we get two conjugacy classes. 
They have order 2 3 • 3 3 = 216 and 3 5 = 243 respectively. 
For the group 

(Ml, [^3], [B' 3 ], [diag{A 3 , A 3 , A 3 }], [tiag{B 3 ,B 3 ,B 3 }]) C SU(9)/(wJ>, 

the element [diag{A 3 , A 3 , A 3 }] is conjugate to exp(^p(if{ + H' 5 + H' 8 )) in G. In G 
we also have 

exp(— (H[ + H>+ H>)) ~ exp(— - H>) = 6 2 . 



and 
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So the subgroup ([lo 9 I], [A 3 ], [B 3 ], [diag{A>, A 3 , A 3 }], [diag{B 3 , B 3 , B 3 }]) is conjugate 
to the subgroup of order 3 5 in the second case. □ 

In 

G dl = SU(9)/(wI), 

let 

F 2 = (6 U [A' 3 ], [B' 3 ], [dmg{A 3 , A 3 , A 3 }}, [diag{£ 3 , B 3 , B 3 }])G^ c G, 
where Q\ = [oogl]. Let 

K = ([A' 3 ], [B' 3 ], [diag{A 3 , A 3 , A 3 }], [dmg{B 3 , B 3 , B 3 }]) C F 2 . 
Then for any element x G K, we have 

x~[A' 3 ], 1 x~e 1 [A£, {9 l fx^{e l f[A^. 
Moreover, in G we have 

[A' 3 ] ~ £ 2 

and 

Let F3 be a subgroup of order 216 as found in the proof of Proposition 18.21 
Proposition 8.3. We have 

W(F 2 ) = Hom(F 3 , (F 3 ) 4 ) x ({±1} x Sp(4,F 3 )) 

and 

W(F 3 ) = SL(3,F 3 )SL(3,F 2 ). 

Proof. For F 2 , stabilizer at 9\ gives Sp(4,F3). Consider the stabilizer at an 1 ^ x G 
K, get the action on K is contained in Sp(4, F3). ??? 

For F 3 , considering in E 6 . ??? □ 

Lemma 8.2. Let F C G = Aut(e§) be a finite abelian 2-subgroup satisfying the 
condition (*). T hen for any x G F, we have x 4 = 1. 

Proof. Suppose the conclusion does not hold, then F contains an element x of order 
8. Then we have F C G x . Since G x is connected by Steinberg 's theorem, it must 
be semisimple as Uq = 0. Since x G Z(G X ) is of order o(x) = 8, by |Os] g x must be 
of type Af + A\. Then we have 

G^ = (SU(8)xSp(l))/((-/),(z/,-l)). 

So we get o(x) =4^8. This contracts that o(x) =8. □ 

Proposition 8.4. There exists 6 conjugacy classes of finite abelian 2-subgroups of 
G satisfying the condition (*) and containing a Klein four subgroup conjugate to Y\. 

Proof. Without loss of generality we may assume that Ti C F, then we have 

F c G ri = (E 6 x U(l) x U(l))/((c, c ¥, 1)) x (z), 

where T, = ([(1, 1, -1)], [(1, -1, 1)]), z 2 = 1 and 

(e 6 © iR © iR) z = f 4 © © 0. 

Then we have F (jL (G ri )o and it is conjugate to a subgroup of the form F' x ri 
for some F' C Eq x(z) with F' <jL Eq. By Lemma [6.71 and Proposition 16.71 we get 6 
conjugacy classes of F', corresponding to F 6 , F 8 , F 9 , Fio, Fu and F± 2 there. □ 
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Let F 4 , F 5 , F 6 , F 7 , F 8 , F 9 be finite abelian 2-subgroups of G constructed as in 
the above proof corresponding to the finite abelian 2-subgroups F 6 , F 8 , F 9 , F w , Fn, 
F12 of Aut(e7) respectively. 

Proposition 8.5. There exists 2 conjugacy classes of finite abelian 2-subgroups ofG 
satisfying the condition (*), containing an element conjugate to <j\, and containing 
no Klein four subgroups conjugate to Fx- 

Proof. Without loss of generality we may assume that o\ G F, then we have 

FcG CT1 = (E 7 xSp(l))/((c,-l)>. 

Let 7Ti,7r 2 be the projections from G ai to E 7 / (c) and Sp(l)/(— 1) respectively 
Let F{, F 2 be the images of F under the projections ttx, 7r 2 . From the projections 

E 7 ^E 7 /(c> 

and 

Sp(l) — ^ Sp(l)/(-l>, 

we have anti-symmetric bi- multiplicative functions mi,m2 on F{, F 2 . For any x, y G 
F, we must have mi(7Ti(x), ni(y)) = ^2(712(2;), 1*2(1/)) ■ 

By Proposition 12. 11 we get F 2 ~ ([i], [j]). By Propositions 17. 51 1 7.31 and FTTTl we get 
9 conjugacy class for the finite subgroup F[. Moreover since 

mi(7Ti(x), itx(y)) = m 2 (7r 2 (x), ir 2 (y)) 

for any x, y G F, we get at most one conjuagacy class of F for a given F[. From F2, 
F 3 , F 4 , F 5 , Fq, F 7 , F s , F 9 there, the subgroup F so constructed will contain a Klein 
four subgroup conjuagte to Fx. So the left are F 10 , -Fn and F 12 . Then we get three 
F. 

Let Fxo, Fu, F12 be finite abelian 2-subgroups of G ai such that the images of 
their projections to E 7 / (c) are conjugate to the subgroups F w , F n , F\ 2 of E 7 / (c) = 
Aut(e 7 ) there. Then we have 



|*io| = 2 6 , 




= 2 7 , 


\Fxo\ 


= 2 7 


rank{x 


eF 10 


:x 2 = 


1} = 


6. 


rank{x 


e Fn 


:x 2 = 


1} = 


6. 


rank{x 


eF 12 


:x 2 = 


1} = 


4. 



So any two of Fi , -Fn, F i2 are not conjugate. □ 

Proposition 8.6. Let F C G = Aut(es) be a finite abelian 2-subgroup satisfying the 
condition (*) an without any element conjugate to o\. Then we have rank{x 2 |x G 
F} < 1. Moreover there exist two conjugacy classes of such subgroups. 

Proof. When rank{x 2 |x G F} < 1, choosing x G F with o{x) = 4, we may an do 
assume that x 2 = <r 2 . Then we have 

F c G a2 = Spin(16)/(c), 

where c = eie 2 • • • ex6 and <r 2 = [—1]. Since we assume that F contains no elements 
conjugate to ax, so any involution of F except cr 2 is conjugate to [eie 2 • • • eg] in 
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Spin(16)/(c). Since x 2 = ct 2 = [—1] and g x is semisimple, we must have x ~ 
[e^e^e^e^eol in G" 72 . Then we have 

F C (Spin(16)/(c)) [eie2e3e4e5e6] = (Spin(6) x Spin(10))/((c 6 , c 10 )). 

Let p : Spin(16) — > Spin(16)/(c) be the natural projection. 

If there exists x,y G p~ 1 (F) such that [x,y] = c. Let F' be the iamge of 
F C (Spin(6) x Spin(10))/((c 6 ,c 10 )> project onto (S0(6) x SO(10))/((-J, -/)) and 
F[,F2 be images of the projections of F' onto the two components SO(6)/(— /) 
and SO(10)/ (— I), the bi-multiplicative functions on them must be non-trivial. By 
Proposition I2.3[ we then have k — 1 for both F[ and F' 2 . Considering determinant, 
we can show that F' contains a subgroup conjugate to 

([(diag{ Ji, Ji,!, Ji 5 i}, diag{ Ji, h tl , I 1)h h,i})], 
[(dmg{I 1A , J u J[}, dmg{I 1A , J u J[, J[, J[})}}. 

Then F contains an element conjugate to 

1 + eie 2 1 + e 7 e 8 
V = — ^= — e 3 e 5 — -j= — e 9 eiiei 3 ei5. 

We have y 2 = —e^eres, which is conjugate to o\ in G. This contradicts the 
assumption. 

If there exists no x, y G p^ 1 (F) with [x,y] = c. Then p~ 1 (F) is an abelian 
subgroup. Then 7r _1 (F) is conjugate to a subgroup of (eie 2 , eie 3 , . . . , exe 16 ). So we 
have rank{x 2 |x G F} < 1. Then we get rank{x 2 |x G F} = 1. Moreover, for any 
ei G F, we have | J| = 6, 8 or 10. Then we can show that 

~ (-l,c, eie2e3e4e 5 e 6 e7e 8 ,eie2e 3 e4e9eioeiiei2, 

eie 2 e 5 e 6 e9eioei 3 ei4, eie 3 e 5 e7e 9 eiiei 3 ei5, eie 2 e5e7e 9 ei2.) 

When rank{x 2 |x G F} = 0, F is an elementary abelian 2-group and we have 

p~ 1 (F) ~ (-l,c, eie2e 3 e 4 e5e 6 e 7 e 8 ,eie2e 3 e4e9ei eiiei2, 
eie2e 5 e 6 e 9 eioei 3 ei4, eie 3 e 5 e 7 e 9 eiiei 3 ei 5 ) . 

□ 

Let F C G be an abelian subgroup satisfying the condition (*). Let a = LieF 
and a = ao ®r C C q. By Lemma 13.11 we know that a is the center of a Levi 
subalgebra of g. We have F C Cc(cio) and Cg{o-o) is connected. Let H = Cg(cl ) 
and H s = [H,H]. Then we have H = Z(H)qH s and H s is simply connected by 
Lemma 13.21 Moreover, F' = F (1 H s is a. finite abelian subgroup satisfying the 
condition (*). 

Proposition 8.7. If H s contains a finite abelian subgroup satisfying the condition 
(*), then C g (a) is one of the types _D 4; D Q , D 7 , E 6 , E 7 . 

There exists a unique conjugacy class of finite abelian abelian subgroups of G 
satisfying the condition (*) when G g (o) is in each of these types except of type E 7 . 

When C g (a) is of type E 7; there exists two conjugacy classes. 

Proof. Since H s is simply connected, so it can not contain a simple factor of type 
A. Then C g (a) is of type D 4 , D 5 , D 6 , D 7 , E 6 or E 7 . 
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By Propositions 12.161 and 12.171 C s (a) can not be of type D 5 ; and there exists a 
unique conjugacy class when it is of typ D±, _D 6 or D 7 . 

By Propositions 16.11 and 16.31 we get a unique conjugacy class when G (a) is of 
type E 6 . 

By Propositions 17.11 17.51 17.31 and 17.71 we get t wo conjugacy classes when G (a) is 
of type E?, correspond to F 9 and F i2 there. □ 



9. D 4 

Let G = Aut(so(8)). Then we have G ^ SO(8)/(-J) and G/G S 3 . In 
this section, we classify abelian subgroups of G satisfying the condition (*) up to 
conjugacy in G. Let F be an abelian subgroup of G satisfying the condition (*). 
Then we have F/(F fl G ) = 1, C 2 or G 3 . We discuss these three cases separately. 

Let Gi = Spin(8) x (r,9), where 6 2 = 1, r 3 = 1, OtQ- 1 = r _1 , 6 acts on so(8,C) 
as a diagram automorphism fixing the roots ai, ct 2 and permuting the roots a 3 , a 4 , 
and t acts on 50 (8, C) as a diagram automorphism fixing the root a 2 and permuting 
the roots a±, a 3 , a 4 . 

Let r be an automorphism of q = so (8, C) defined by 

T (H ai ) = H a3 ,r(H a3 ) = H ai , 
T (H a4 ) — H a4 ,Ta(H a2 ) = H a2 , 
T~{X± ai ) = X± a3 ,T(X± a3 ) = X± ai , 

T{X± a4 ) = X± ai , T(X± a2 ) = X± a2 , 

Then r stabilizes Uo, so it gives an automorphism of Uo- That is, r e G. It is clear 
that r 3 = 1 and q t = q 2 - 

Let F C G be an abelian subgroup satisfying condition (*) and with F/(F fl 
Go) — C 3 , then a = LieF ® R C is (conjugate to) the center of a Levi subalgebra of 
02 = so(8, C) r by Lemma I6T91 q t is of type G 2 , it has a root system A\ + Af. Let 

H = ((Sp(l) x Sp(l) 3 )/((-l, -1, 1, 1), (-1, 1, -1, 1), (-1, 1, 1, -1))) x (r) C G 

be the subgroup corresponds the sub-root system 

AAi = {f3 = ai + 2a 2 + a 3 + a^, a±, a 3 , a 4 } 

of D 4 . We have t(xi,x 2 , x 3 , x 4 )r _1 = (xi, x 4 , x 2 , x 3 ). Then the root system of (H ) T 
is just A\ + Af. 

Proposition 9.1. Up to conjugacy in G, there exist three conjugacy classes of 
abelian subgroups of G satisfying the condition (*) and with F/F fl Go — G 3 . Two 
of them are finite subgroups isomorphic to (C 2 ) 3 xCs and (G 3 ) 3 respectively; another 
consists of subgroups of dimension 2. 

Proof. Let So be the Cartan subalgebra of Uo generated by TriHi,TTiH 2 ,7riH3,7riH4 
and S = exp(s ) C G . 

If F is finite, choosing any x G F — F fl G , then we have F fl G C (G ) x . 
We may and do assume that x G rS. By Lemma 12.91 t = s r is a CAS of q x . By 
Proposition ^. 11 (Go) x is connected. Then (Gq) x must be semisimple since F satisfies 
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the condition (*). Since the root system of q x is a sub-root system of G2 = A(g T ), 
it must be one of the types 

G 2 , Af, Af + Af, A L 2 . 

When it is of type G 2 , we have x ~ r; when it is of type Af, we have x ~ r' = 
t exp(^YH 2 ); when it is of type A\ + Af, we have x ~ rexp(^pF^), so x<1 ~ r - 
One can show that q x can not be of type A 2 since A 2 C X implies that g x = g 2 . 

By these, we see that F either contains an element conjugate to r, or contains an 
element conjugate to r'. We may an do assume that r G F or r' G F. In the first 
case, we get 

F' = F n C7 C (G ) T = G 2 . 

Then we have FflGo — (C2) 3 and get a unique conjugacy class. In the second case, 
we have 

F' = FnG C (G ) r = PSU(3). 

Then we have F n G Q ~ ([A3], [£ 3 ]). 

If F is not finite, by Lemma I6.9[ we get that a = LieF ®k C is conjugate to 
the center of a Levi subalgebra of 02 = so(8,C) r . Let [' = C fl r(a), I = C (a) and 
L = C Go {a ). Then I' is of type Af , Af or 0. 

When it is 0, we have F fl Go ~ T = (S T )o is conjugate to a maximal torus of 
G 2 . In this case, we get F ~ (T, r). 

When it is of type Af or Af, we have L C H. More precisely, we have 

L ~ L a = ((Sp(l) x U(l) 3 )/((-l, -1, 1, 1), (-1, 1, -1, 1), (-1, 1, 1, -1))) x (r) 
and 

L ~ L 2 = ((U(l) x Sp(l) 3 )/((-l, -1, 1, 1), (-1, 1, -1, 1), (-1, 1, 1, -1))) x (r) 

respectively. 
For Li, let 

L'l = Sp(l) x (({(x 1 ,x 2 ,x 3 ) : x 1 ,x 2 ,x 3 e\j(l),xix 2 x 3 = 1}/ 

((-l,-l,l),(l,-l,-l)»^<r». 

Then we have Z(L\)q C F and F" = F C\ L\ C Li is a finite abelian subgroup 
satisfying the condition (*). Since Sp(l) is a direct factor of L", so L'/ has no such 
finite abelian subgroups. 
For L 2 , let 

F 2 ' = Sp(l) 3 /((-l,-l,l),(l,-l,-l)))x (r) 

Then we have Z{L' 2 % = ([(-1, 1, 1)]) C F, and F" = F fl L 2 C F 2 ' is a finite abelian 
subgroup satisfying the condition (*) with F <f_ (L 2 ) . We may and do assume 
that F" contains an element of the form x = (A, 1, l)r, A G U(l). Then we have 
F" C (L 2 ) x . So we must have Z{{L' 2 y\ = 1. This forces A = ±1. So F" contains 
an element conjugate to r, we may an do assume that r G F". Then we get 

F"c(F 2 T = A(Sp(l))x(r). 

This is impossible since Sp(l) has no finite abelian subgroups satisfying the condition 
(*)■ ' " □ 



72 



JUN YU 



When F/(FnGo) = C 2 , we may an do assume that F C 0(8)/(— I). In this case 
the classification up to conjugacy in G and in 0(8)/ (—1) are the same. 

Let F C G be an abelian subgroup satisfying condition (*) and with F/(F fl 
Go) — C 2 , then a = LieF (g) K C is conjugate to the center of a Levi subalgebra of 
so(7, C) = so(8, C) 9 by Lemma ItHfl Let ao = Lie F and L = Cq(<Xo), we may assume 
that a = (oo)m <E> C is the center of a Levi subalgebra [' of £ = so (7, C) = so(8, C) 9 . 
When dimF = 3, it is clear that F ~ (6,T'), where T' is a maximal torus of 
S0(7) = PS0(8) e . 

Proposition 9.2. C/p to conjugacy, there exist five conjugacy classes of abelian 
subgroups of G of dimension 1 or 2, satisfying the condition (*) and with F/(F fl 
Go) = C 2 . Three of them have X = Ct(a) be of type B 2 ; the other two have I' = C s (a) 
be of type Af and Af + Af respectively. 

Proof. When < dimF < 3, [' is of type A\, Af, A%, Af + Af or B 2 . 
When [' is of type Af, we have 

L = ((U(2) x S0(2) x S0(2))/((-J, -J, -/))) x (6), 

where 9(X,X 1 ,X 2 )9- 1 = {X,X X ,X^). Let 

L" = (SU(2) x S0(2)) x (6), 

where SU(2) x S0(2) = SU(2) x 1 x S0(2) and 6(X,Y)9- 1 = (X,^- 1 ). Then we 
have (Z(L))o C F and F" C L" is a finite abelian subgroup satisfying the condition 
(*). Since SU(2) is a direct factor of L", so F" has no finite abelian subgroups 
satisfying the condition (*). 
When [' is of type Af, we have 

L = ((S0(2) x S0(2) x SO(4))/((-7, —I, -/))) x (9), 

where 9(X U X 2 , X)9^ = (X u X u I^XI^). Let 

L" = S0(4)r x (9) = 0(4), 

where S0(4) = 1 x 1 x S0(2). Then we have (Z(L)) C F and F" C L" is a finite 
abelian subgroup satisfying the condition (*) and with Z(L") C F" . Then we have 

F" ~ {—I, Ji )3 , J 2l 2, /3,l)- 

We get a unique conjugacy class in this case. 
When [' is of type Af, we have 

L = ((U(3)xSO(2))/((-/,-/)))x(^), 

where 9(X,Y)9- 1 = (X,^ 1 ). Let 

L" = (SU(3) x S0(2)) x (0), 

where SU(3) C U(3) and 9(X,Y)9- 1 = {X,Y- 1 ). Then we have (Z(L)) C F and 
F" C L" is a finite abelian subgroup satisfying the condition (*). Since SU(3) is a 
direct factor of L", so F" has no finite abelian subgroups satisfying the condition 

(*)• 

When [' is of type Af + Af, we have 

L = ((U(2)xSO(4))/((-/,-/)>)x(#>, 
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where 9(X,Y)9- 1 = (X,I lj3 YI^). Let 

L"=((SU(2)xSO(4))/((-/,-/)))x^), 

where SU(2) C U(2). Then we have (Z(L)) C F and F" C L" is a finite abelian 
subgroup satisfying the condition (*) and with Z{L") C F" . We have L" = (Sp(l) x 
0(4))/((-l, -/)). Then we get 

F" ~ ([(-1, /)], [(1, 7 2 , 2 )], [(i, diag^x,!, Ji,!})], [(j, diag{ J[, J,})]). 

When V is of type _B 2 , we have 

L = ((SO(2)xSO(6))/((-/,-/)))x(0), 

where 6(X,Y)6- 1 = {XJ^YI^). Let L" = SO(6) x (6) = 0(6). Then we have 
(Z(L))o C F and F" C L" is a finite abelian subgroup satisfying the condition (*) 
and with Z(L") C F". Then F" is conjugate to one of 

(-1, h,3, diag{/i i2 , h, 2 }, diag{/ 2 ,i, h,i}}, 

(-1, h,5, 4,3, h,u diag{l, -1, 1, -1, 1,1}), 

( — I, h,5, 12A, h,s, h,2, h,i)- 

□ 

Proposition 9.3. Up to conjugacy, there exist 12 conjugacy classes of finite abelian 
subgroups of G satisfying the condition (*) and with F/(F fl Go) — C 2 . Eight of 
them are elementary abelian 2-subgorups, the other four have exponent 4- 

Proof. Let F C 0(8)/ (— I) (and F <f_ PS0(8)) be a finite abelian subgroup satisfying 
condition so(8) F = 0. By Proposition 12. 3[ we have a canonical subgroup Bp C F 
and an equality 8 = 2 k ■ Sq. When k > 2, we have F C PSO(8), contracts to the 
assumption. 

When k — 1, we have 

5 F ~ ([J 4i4 ], [diag{-/ 2 , 7 2 , -J 2 , 1 2 })) 

or 

B F ~([/ 4 , 4 ],[/ 2i6 ],[/ 6 , 2 ]), 

and F C 0(2) 4 / ((— /, —I, —I, —I)). The images of the projections of F to the four 
components are all cojugate to ([ii,i], [J[]}- Since we assume that F (£ PSO(8), so 
we get two conjugacy classes (4 = 3 + 1 + = 2 + 1 + 1) for each choice of Bp. Both 
have exponent 4. In total, weget four conjugacy classses of subgroups of exponent 
4 and with order 2 5 , 2 5 , 2 4 , 2 4 respectively. 

When k = 0, it is diagonalizable, so an elementary abelian 2-subgroup. We may 
assume that F is diagonal. Let F' = (x G F : x ~ [A, 7]) and r' = rankF'. Then 
< r' < 7. When r' = 7, 

F ~ ([/i, 7 ], [/ 2l6 ], [/ 3l5 ], [l4, 4 ], [/ 5>3 ], fc], [/ 7 ,i]), 
we get a unique conjugacy class, r' = 6 or 5 is impossible. 
When r' = 4, we have 

F ~ ([/i l7 ], [/ 2>6 ], [/3,5], [4,4], [/ 6)2 ], [diag{l, 1, 1, 1, 1, -1, -1, 1}]), 
we get a unique conjugacy class. 
r' = 3 is also impossible. 
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When r' = 2, we have 

F ~ ([Ji )7 ], [/ 2 , 6 ], [/ 4)4 ], [/ 6j2 ], [diag{l, 1, -1, 1, -1, 1, -1, 1}]) 

or 

F ~ ([/ ll7 ], [J 2)6 ], [14,4], W, [diag{l, 1, -1, 1, -1, 1, 1, 1}, [diag{l, 1, 1, 1, -1, 1, -1, 1}]) 

we get two conjugacy classes. 
When r' = 1, we have 

i 71 ~ ([/i >7 ], fos], [diag{l, -1, -1, 1, 1, -1, -1, 1}, [diag{l, -1, 1, -1, 1, -1, 1, -1}]) 
or 

F ~ ([/ li7 ],[/ 5)3 ],[diag{l, -1,-1, 1,1, -1,-1,1}, 

[diag{l, -1, 1, -1, 1, 1, 1, 1}, [diag{l, -1, 1, 1, 1, -1, 1, 1}]) 

we get two conjugacy classes. 

When r' = 0, for any x G F — F fl Gq, we have x ~ 1/3,5]- Then we get 

F ~ ([/ 3 , 5 ], [diag{l, 1, 1, -1, -1, 1, 1, 1}, [diag{-l, -1, 1, -1, 1, -1, 1, 1}, 
[diag{l, -1,-1, 1,-1, 1,-1,-1}]}????? 

or 

F ~ ([J 3 ,5],[diag{l,l,l,-l,-l,l,l,l},[diag{l, 1,1, 1,-1, -1,1,1}, 

[diag{-l, -1, 1, -1, 1, -1, 1, 1}, [diag{l, -1, -1, -1, 1, 1, 1, -1})?????. 

□ 

When Fj (F fl G ) = 1, we have F C G = SO(8)/(-J). By Propositions O and 
12.41 we get a list of all conjugacy classes of F up to conjugacy in 0(8)/ (— /). But 
some of them are conjugate in G. 

Proposition 9.4. Up to conjugacy in G, there exist 4 conjugacy classes of abelian 
subgroups of Gq satisfying the condition (*) and with positive dimension. Their 
dimensions are 1,1,2,4 respectively. 

Proof. Let g = (u )r <8> C, a = LieF, a = (oo)m <8> C and I = C s (a). By Lemma IXTl 
we have a = Z(t). Let L = Cq (oo) and L s = [L, L\. Then we have Z(L) C F and 
F' = F n L s C L s is a finite abelian subgroup satisfying the condition (*). 
Let 7T : Spin(8) — > PSO(8) be the adjoint homomorphism. Then we have 

kerrr = (exp(m(H[ + H' 3 )), exp(iri{H[ + H' A ))) = (C 2 ) 2 . 

Let L' = Cspi n (8)(a ) and L' s = [L' 7 L'\. Then ir(L' s ) = L s and we know L' s is simply 
connected. We may assume that the simple root system of 1 is a subset of the 
simple root system of g. Then L s is not simply connected if and only at least two 
of a%, «3, 04 are roots of I. We have < dimF < rankG = 4. 
When dimF = 4, F must be a maximal torus of Go- 

When dimF = 3, we have L s = L' s = SU(2), which has no finite abelian sub- 
groups satisfying the condition (*). 

When dim F = 2, only when I is of type 2A%, L s may have finite abelian subgroups 
satisfying the condition (*). In this case, we have 

L s = (Sp(l)xSp(l))/((-l,-l)> 
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and [(-1, 1)] e F'. Then we get 

F'~([(-l,l)],[(i,i)],[(j,j)]). 
When dimF = 1, I is of type ?>A\ or A%. We have 

L s = (Sp(l) x Sp(l) x Sp(l))/((-l, -1, 1), (1, -1, -1)) 

or 

L s = (SU(4))/(-J) 

and Z(L S ) C F'. Then we get 

F~([(-l,l,l)],[(j,j,j)],[(i,i,l)],[(l,i,i)]) 

or 

F> ~ ([i/], [J 2)2 ], [J 2 ], [diag{/ M , A,!}], [diag{J(, J[}}) 
respectively. □ 

Proposition 9.5. Up to conjugacy in G, there exist 11 conjugacy classes of finite 
abelian subgroups of Gq satisfying the condition (*). 

Proof. Let F C PSO(8) be a finite abelian subgroup such that so(8) F = 0. By 
Proposition 12. 3[ we get a subgroup B F C F and an equation 8 = s ■ 2 k . Then we 
have k — 0, 1, 2 or 3. 

When k = 3, we have so = 1. In this case, F is an elementary abelian 2-subgroup 
and has a unique conjugacy class. It is -F 0:3 . 0)0 for the notation in jYuj . which has 
rank 6. 

When k = 2, we have s = 2. We may and do assume that B F = ([Z^]). Then 
we have 

F C (0(8)^)/(-/> = (0(4) x 0(4))/<(-7, -/)). 

Then the images of the projections of F to both components are conjugate to 

<[/ 2 , 2 ], [J 2 ], [diag{ (A,!, /!,!)}], [diag{(J(, J[)}]). 

We get two conjugacy classes. One consists of elementary abelian 2-subgroups, 
another consists of subgroups of exponent 4, both of them have order 2 5 . 
When k = 1, we have so = 4. We may an do assume that 

B F = ([/ 4 ,4],[diag{-/ 2 ,/ 2 ,-/ 2 ,/ 2 }]) 

or 

([J M ],[diag{-/ 2 ,/ 2 ,-J 2 ,J 2 }],[/ 2)6 ]). 

Then we have 

F C (0(8)^ 4 ' diag{ - /2 ' /2 '- /2 ' /2} )/(-/) = (0(2) 4 )/((-J, -1,-1,-1)). 
Then the images of the projections of F to four components are all conjugate to 

{[hMA\)- 

Considering the determinant, we have 4 = 4 + + + 0, 4 = 2 + 2 + + or 
4 = 1 + 1 + 1 + 1. Then we get 6 conjugacy classes. Two of them consist of 
elementary abelian 2-subgroups with rank 5 and 4 respectively; the other have 
exponent 4 and with order 2 5 , 2 5 , 2 4 , 2 4 respectively. 
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When k = 0, F is diagonalizable, and so an elementary abelian 2-subgroup. We 
may an do assume that n~ 1 (F) C Spin(8) is a subgroup of (eie^, e,\e^ . . . , e\e%). 
Similar as the discussion in Spin(n) case, for any subset Id {1, 2, ... , 8}, let 



for / = . . . , ik}, i\ < ■ ■ ■ < ik- When there exist C {1, 2, . . . , 8} with 

\h\ = \h\ = |A(/i,/ 2 )| = 2, we may assume that eie2,eie3 G 7r _1 (F). Then we 
have 

F C pS0(8)" (eie2) ' 7r(eie3) = SO(5) x (7r(e 1 e 2 ),7r(eie 3 )). 

Then F' = FflSO(5) also satisfies the condition (*). F' has two possible conjugacy 
classes, 

F'~ (J 2i3 ,diag{l, -1,-1, 1,1}, J 4il ) 

or 

F' ~ (7 2j3 , diag{l, -1, -1, 1, 1}, I 4jl , diag{-l, -1, -1,1,-1}). 

So we get two conjugacy classes of rank 5 and 6 respectively. 

When there exist no I u I 2 C {1, 2, . . . , 8} with = \I 2 \ = \A(h, h)\ = 2, let 

s = rank(7r(e 7 ) G F : \I\ = 2). 

Then s = 0, 1, 2 or 3. When s = 3, we have 

F ~ ([/ 2)6 ], [/ 4 ,4], [/ 6 ,2], [diag{-l, 1, -1, 1, -1, 1, -1, 1}]), 

with rank 4. When s = 0, 

F ~ [diag{-l, -1, 1, 1, -1, -1, 1, 1}], diag{-l, 1, -1, 1, -1, 1, -1, 1}), 

with rank 3. One can show that s = 2 or 1 is impossible. 

In summary, we get 13 conjugacy classes up to conjugacy in 0(8)/(— I), eight of 
them are elementary abelian 2-subgroups of rank 6, 5, 5, 4, 6, 5, 4, 3 respectively, 
the other three have exponent 4 of order 2 5 , 2 5 , 2 4 respectively. 

Claim 9.1. The two elementary abelian 2-subgroups of rank 6 above are conjugate in 
G and two of the elementary abelian 2-subgroups of rank 5 above are conjugate in G. 
But there are no more conjugacy relations among them. ??? Add two 4 = 1 + 1 + 1 + 1 
in k = 1 case!! 

With this claim, we get 11 conjugacy classes of finite abelian subgroups of PSO(8) 
up to conjugacy in G = Aut(so)(8). Six of them are elementary abelian 2-subgroups 
of rank 6, 5, 5, 4, 4, 3 respectively, the other three have exponent 4 and with order 
2 5 , 2 5 , 2 5 , 2 4 , 2 4 respectively. ???? change □ 



Proof of Claim \9.1i The two rank 6 subgroups containing Klein four subgroups con- 
jugate to 

/ 2 J 2 \ 
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o 2 -h 
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and K 2 = ([hfi], diag{l, —1, —1, 1, 1, 1, 1, 1}) respectively. 
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We observe that, for any x G K (Ki) — (— l,c), we have x 2 = c; and for any 
x G 7i~ 1 (K2) — (—1, c), we have x 2 = — 1. One can show that, for any x, y G Spin(8) 
satisfying x 2 = y 2 = (xy) 2 = —1, we have 

(x,y) ~ (eie 2 ,eie 3 ). 

Since c ~spin(8) — 1, so we get K 1 ~ G K 2 . Moreover, we have 

PSO(8)^ 2 = S0(5) x K 2 . 

Since S0(5) has a unique conjugacy class of finite abelian subgroups satisfying the 
condition (*) and with order 2 4 , so we get the above two rank 6 subgroups are 
conjugate. 

The same argument applies to the two rank 5 elementary abelian 2-subgroups 
with k = 2 and k = respectively. 

Another rank 5 elementary abelian 2-subgorup is not conjugate to the above two 
since it does not contain a Klein four subgroup conjugate to K 2 . 

The two rank 4 elementary abelian 2-subgroups are not conjugate since the one 
with k = 1 contains a Klein four subgroup conjugate to ([-^4,4], [J'a\), but the one 
with k = contains no of such Klein four subgroups. 

The two subgroups with exponent 4 and of order 2 5 are not conjugate since the one 
with k = 1 contains a Klein four subgroup conjugate to ([-^4,4], [diag{— I 2 , h, ~h, h}]), 
but the one with k = 2 contains no of such Klein four subgroups. 

The other subgroups are distinguished by their exponents or orders. 

Two are added ??? change □ 

10. Remarks on some related issues 

10.1. Fine group gradings and Weyl groups. As we remarked in the intro- 
duction, the classification of fine group gradings of complex simple Lie algebras is 
obtained in literature except when the simple Lie algebra is of type E 6 , E 7 or E 8 
(cf. |EK] for a review of the history). Moreover, the classification in E 6 case was 
also announced by C. Draper and A. Viruel. Our work leads a classification of fine 
group gradings of all complex simple Lie algebras. Note that, our method used 
here through the study of abelian subgroups is different with the existed methods 
in literature. 

In |EK2j . the Weyl groups of fine group grading of complex simple classical Lie 
algebras was determined. In this article, we have described the Weyl groups for 
almost all abelian we obtained except those seem not admit a nice description. For 
exceptional simple Lie algebras, with a little more work we can determine almost 
all of these Weyl groups. For classical simple Lie algebras, due to some complicated 
combinatorial involved, we expect that a simple and nice description would not 
exist. 

On the other hand, given a maximal abelian subgroup F of a compact Lie group 
G, in |HVj a notion of "finite root datum" was introduced. This is some structure 
on the group grading of g defined by F, where q = Lie G C§>r C. Moreover, a notion 
of small Weyl group W sma u(G,F) was defined, which is always a subgroup of the 
Weyl group W(G, F) = Ng(F)/Cg{F). It is conjectured there that we always have 
W srna u(G, F) = W(G,F). From our classification here, in principle one can get all 
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maximal abelian subgroups of any compact simple Lie group. With this, then one 
can calculate their finite root data and small Weyl groups, and check this conjecture. 
For all examples I tried, this conjecture holds. 

10.2. General group gradings. From a group grading of a complex simple Lie 
algebra q, one can refine the grading if it is not fine. After finitely many steps, one 
arrives at a fine grading. 

On the converse direction, from a fine group grading, which gives us a maximal 
abelian subgroup F of Aut(g) consisting of semisimple elements and a subset set 
X C F* = Hom(F, C*). Precisely to say, for any a G F*, a G X if and only if 
0q 7^ 0, where 



is the weight space decomposition given by the action of F on q. Actually the above 
decomposition is just the fine grading defining F. Then any grading coarser than 
the above fine grading correspond to a quotient F* /L of F* such that L containing 
at one element of the 71 — 72 for some 71, 72 G X, 71 ^ 72. Then to get all gradings 
coarser than q = J2aeF* 0«' we J us ^ nee d to get all different abelian subgroups 
generated by a subset of X — X = {jx — 72 : 71, 72 G X}. Since A is a finite set, in 
principle this can be done. Besides the computational difficult caused when \X\ is 
large, another disadvantage of this way is: we need extra work to determine those 
gradings which are coarser than at least two different fine gradings. 

10.3. Group gradings of real simple Lie algebras. For a simple real Lie algebra 
0o with a Cartan decomposition $j = © Po- Let G = Aut($j ) and 9 G G be 
the Cartan involution associated to the above Cartan decomposition. G admits a 
(global) Cartan decomposition G = A'exp(p ) with 



Definition 10.1. A closed subgroup H of G is called a quasitorus if H is abelain 
and any element of H acts as semisimple automorphism of q . 

Lemma 10.1. If H C G is a quasitorus, then there exists g G G such that gHg^ 1 
is 9 -stable. 

If H C G is a 9-stable quasitorus, then we have H = H c exp(bo) , where H c = 
H n K and b = Lie H n p . 

Proof. The first statement follows from a result in [vD] . 

The second statement follows from the Cartan decomposition of G. □ 

It is clear that a fine group grading of a semisimple Lie algebra go is given by 
a maximal quisi-torus H of the semisimple Lie group G = Aut(jjo)- Moreover, for 
H to give a group grading on Qq, the subgroup H c in Lemma 110.11 must be an 
elementary abelian 2-subgroup. With this, we have two methods to classify the fine 
group gradings of real simple Lie algebras. 

The first method is to prove some analogue of the Lemmas 13.11 and 16.91 so as to 
determine the possible abelian subspaces b C po- Then classify elementary abelian 
2-subgroups of the Lie group Cc(bo). For the second step, some analogue of Lemma 
13.21 would be helpful as well. 




aG-F* 



AT={/eAut(flo)|/(eo) = M- 
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The second method is to classify H c first. Then bo must be a maximal abelian 
subspace of p c . We recall that such elementary abelian 2-subgroups H c can be de- 
termined from |Yu] . For this method, we should be careful that not every elementary 
abelian 2-subgroup H c of K gives a fine group grading of go- 
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